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• Direct CP violation !" in % → '' decays (main part of talk)

• Electromagnetic corrections to (semi-) leptonic p / kaon decays

• Kaon mass difference ∆)K

• Long distance contribution to indirect CP violation 

• Rare decay K+ → '*++̅

2



Direct CP violation in the SM (kaons)
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K Æ S�S and CP violation

� Final SS states can have I = 0 or 2.

� CP symmetry requires A0 and A2 be real.

� Direct CP violation in this decay is 
characterized by:

'I = 3/2

'I = 1/2

Direct CP 
violation

(8)(slide: Norman Christ)
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Low Energy Effective Theory

� Represent weak interactions by 
local four-quark Lagrangian

�

� Vqqc ± CKM matrix elements

� zi and yi ± Wilson Coefficients

� Qi ± four-quark operators

RF2 Snowmass  - 5/17/2022 (9)(slide: Norman Christ)
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Finite lattice spacing effects remain a significant source
of systematic error as at present we have computed !0 at a
single, somewhat coarse lattice spacing. In the future we
intend to follow the procedure used in our A2 calculation
[2] to compute A0 at two different lattice spacings, allowing
us to perform a full continuum limit. This is hampered by
the need to generate new ensembles with GPBC, which
alongside the high computational cost of the measurements
and the need for large statistics requires significantly more
computing power than is presently available.
A second important systematic error, which we plan to

reduce in future work, comes from the effects of electro-
magnetic and light quark mass isospin breaking. As
discussed in Sec. VIII D, the small size of the amplitude
A2 relative to A0 gives a potential 20 times enhancement of
such effects which are normally at the 1% level. The effects
of electromagnetism and the quark mass difference
md !mu have been studied in considerable detail using
chiral perturbation theory and large Nc arguments, most
recently in Ref. [73]. We take the size of their correction as
an important systematic error for our present result and are
exploring possible methods to also use lattice techniques to
determine these effects [78,79].
For our final result we obtain

Re!!0=!"lattice # 0.00217!26"!62"!50": !114"

The third error here is the systematic error associated with
isospin breaking and electromagnetic effects, and the first
and second errors are the statistical error and the remaining
systematic error. This result can be compared to the
experimental value

Re!!0=!"expt # 0.00166!23": !115"

These values are consistent within the quoted errors.
We believe that !0 continues to offer a very important test

of the Standard Model with exciting opportunities for the
discovery of new physics. For this promise to be realized
substantially more accurate Standard Model predictions are
needed. Important improvements can be expected from a
simple extension of the work presented here, studying a
sequence of ensembles with decreasing lattice spacing so
that a continuum limit can be evaluated. In addition, we are
developing a second, complementary approach to the study
of K ! "" decay which is based on periodic boundary
conditions. This avoids the complexity of the G-parity
boundary conditions used in the present work but requires
that higher excited "" states be used as the decay final state
[80]. More challenging is the problem posed by the
inclusion of electromagnetism where new methods
[78,79] are needed to combine the finite-volume methods
of Lüscher [11] and Lellouch and Lüscher [12] with the
long-range character of electromagnetism.
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APPENDIX A: WICK CONTRACTIONS
FOR THE K ! !! THREE-POINT FUNCTION

WITH THE " OPERATOR

In this Appendix we provide the expressions for the
Wick contraction required to compute the K ! "" three-
point function with the # operator. The corresponding
diagrams for the ""!$ $ $" operators can be found in
Appendixes B.1 and B.2 of Ref. [32].
For this Appendix we will utilize the notation described

in Sec. III Awhereby the quark field operators are placed in
two-component “flavor” vectors $ l and $h for the light and
heavy quarks, respectively, and the corresponding propa-
gators are matrices also in this flavor index. In this notation
the creation operator for the G-parity even neutral kaon
analog has the form

OK̃0 #
i!!!
2

p !d̄%5s% s̄0%5u" # i!!!
2

p $̄ l%5$h; !A1"

where the physical component corresponds to the usual
neutral kaon operator (cf. Sec. VI.A of Ref. [10]). The #
creation operator has the form
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We present a lattice QCD calculation of the!I ! 1=2,K ! !! decay amplitudeA0 and "0, the measure of
directCP violation inK ! !! decay, improvingour 2015 calculation [1] of these quantities. Both calculations
were performed with physical kinematics on a 323 ! 64 lattice with an inverse lattice spacing of
a!1 ! 1.3784"68# GeV.However, the current calculation includes nearly 4 times the statistics and numerous
technical improvements allowing us tomore reliably isolate the !! ground state andmore accurately relate the
lattice operators to those defined in the standardmodel.We findRe"A0# ! 2.99"0.32#"0.59# ! 10!7 GeVand
Im"A0# ! !6.98"0.62#"1.44# ! 10!11 GeV, where the errors are statistical and systematic, respectively. The
former agrees well with the experimental result Re"A0# ! 3.3201"18# ! 10!7 GeV. These results for A0 can
be combined with our earlier lattice calculation of A2 [2] to obtain Re""0="# ! 21.7"2.6#"6.2#"5.0# ! 10!4,
where the third error represents omitted isospin breaking effects, and Re"A0#=Re"A2# ! 19.9"2.3#"4.4#. The
first agrees well with the experimental result of Re""0="# ! 16.6"2.3# ! 10!4. A comparison of the second
with the observed ratio Re"A0#=Re"A2# ! 22.45"6#, demonstrates the standard model origin of this
“!I ! 1=2 rule” enhancement.

DOI: 10.1103/PhysRevD.102.054509

I. INTRODUCTION

A key ingredient to explaining the dominance of matter
over antimatter in the observable universe is the breaking of
the combination of charge-conjugation and parity (CP)
symmetries. The amount of CP violation (CPV) in the
Standard Model is widely believed to be too small to
explain the dominance of matter over antimatter, sug-
gesting the existence of new physics not present in the
Standard Model. CPV in the Standard Model is highly

constrained, requiring the presence of all three quark-flavor
doublets and described by a single phase [3]. These
properties imply that the “direct” CPV in K ! !! decays
is a highly suppressed O"10!6# effect in the Standard
Model, making it a quantity which is especially sensitive to
the effects of new physics in general, and new sources of
CPV in particular.
Direct CPV was first observed in K ! !! decays by the

NA48 (CERN) and KTeV (FermiLab) experiments [4,5] in
the late 1990s, and the most recent world average of its
measure is Re""0="# ! 16.6"2.3# ! 10!4 [6], where " is
the measure of indirect CPV [j"j ! 2.228"11# ! 10!3].
However, despite the impressive success of these experi-
ments, it was only recently that a reliable, first-principles
Standard Model determination of "0 that could be compared
to the experimental value became available. This is due to
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• G-parity boundary conditions 
(pions anti-periodic)

• Multiple %% operators for 
control of excited states

!! " Re#A!
2 $=Re#A0$, where the plus (!) indicates the

amplitude obtained from charged kaon decay, is equal to
the value of ! used to represent the isospin-symmetric ratio
in this work and given in Table XI.
Since a careful discussion of these corrections is beyond

the scope of this paper we choose to treat these effects of
isospin breaking as a systematic error whose size is given
by the effect of including !̂eff in Eq. (112). We find

Re#"0="$ " 0.00217#26$#62$#50$; #113$

where the errors are statistical and systematic, with the
systematic error separated as isospin-conserving and iso-
spin-breaking, respectively. We note that if we were to
apply this negative correction directly to our result for
Re#"0="$, the central value obtained, 0.00167, would nearly
coincide with the experimental value, albeit with appreci-
able errors.
Our first-principles calculation of "0=" also allows us to

place a new, horizontal-band constraint on the CKMmatrix
unitarity triangle in the #̄ ! $̄ plane. In Fig. 12 we overlay
this band with constraints arising from other sources. We
find that our result is consistent with the other constraints
and does not at present suggest any violation of the CKM
paradigm. For more information on how this band was
obtained, as well as the corresponding plot obtained using
our 2015 results, we refer the reader to Ref. [75].

IX. CONCLUSIONS

We have described in detail a calculation which sub-
stantially enhances our 2015 lattice calculation of "0 [1].
Both the 2015 and the current calculation were performed
on a single, 323 ! 64 Möbius domain wall ensemble with
the Iwasaki! DSDR gauge action, with an inverse lattice
spacing of 1.378(7) GeV and physical pion masses.
G-parity boundary conditions are used in the three spatial
directions which induces nonzero momentum for the
ground-state pions so that the energy of the lightest

two-pion state matches the kaon mass to around 2%,
thereby ensuring a physical, energy-conserving decay.
The new calculation reported here is based on an increase

by a factor of 3.4 in the number of Monte Carlo samples and
includes two additional %% interpolating operators, which
have dramatically improved our control over contamination
arising from excited %% states. The greater resolution among
the excited finite-volume %% states provided by our now
three interpolating operators has allowed us to resolve the
approximately 2& discrepancy between our earlier lattice
result for the I " 0 %% scattering phase shift and the
dispersive prediction, as will be detailed in Ref. [17].
These improved techniques result in a significant, 70%
(2.6& if & is determined from only the statistical error)
relative increase in the size of the unrenormalized lattice
value of Q6, suggesting that our excited-state systematic
error was previously underestimated. A detailed comparison
of our old and new result can be found in Sec. VI F.
We have also included in this new calculation, an

improved renormalization technique. As discussed in
Sec. V, the lattice matrix operators must be renormalized
in the MS scheme in which the Wilson coefficients that
parametrize the high-energy weak interactions have been
evaluated. This is accomplished by performing an inter-
mediate nonperturbative conversion into two RI-SMOM
schemes, each of which can be matched perturbatively to
MSat somehigh energy scale.Aswe use a somewhat coarse,
a!1 " 1.38 GeV ensemble, our renormalization scale was
formerly limited by this cutoff and ' " 1.53 GeV was
chosen as the momemtum scale at which our RI-SMOM
schemes were converted to MS. In the new calculation
reported here we have applied the step-scaling procedure to
bypass the limitation imposed by the lattice cutoff and raise
our renormalization scale to 4.006 GeV, thereby improving
our control over the systematic error resulting from the
perturbative matching to MS. This improved method results
in a reduced discrepancy between the results obtained from
the two different RI-SMOM intermediate schemes and a
reduction in the renormalization systematic error. In the
future we expect to improve this systematic error by further
raising the renormalization scale.
Unfortunately raising the renormalization scale does not

result in a similar improvement for the Wilson coefficients
as their error is dominated by the use of perturbation theory
at the scale of the charm quark mass to match the effective
weak interaction theory between three and four flavors. We
are presently working [77] to circumvent this issue by
computing the three to four flavors matching nonperturba-
tively using a position-space nonperturbative renormaliza-
tion technique [45].
Finally in the current calculation we have adopted a new

bootstrap method [26] to determine the (2 distributions
appropriate for our calculation in which the data are both
correlated and non-Gaussian. The resulting improved p
values provide better guidance in our choice of fitting
ranges and multistate fitting functions.

 0

 0.2

 0.4

 0.6

 0.8

 1

-1 -0.5  0  0.5  1

!
_

"
_

#Ms / #Md
$K + |Vcb|

sin 2%
|Vub/Vcb|

$’

FIG. 12. The horizontal-band constraint on the CKM matrix
unitarity triangle in the #̄ ! $̄ plane obtained from our calculation
of "0, along with constraints obtained from other inputs [6,76].
The error bands represent the statistical and systematic errors
combined in quadrature. Note that the band labeled "0 is
historically (e.g., in Ref. [75]) labeled as "0=", where " is taken
from experiment.
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Errors in the lattice calculation
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scale by almost a factor of 2 and the use of different
intermediate RI schemes, the differences in the values of
Im!A0" are quite consistent, in the range 11%–15%. This
suggests that the bulk of the observed difference arises from
the perturbative 3-to-4 flavor matching and running above
the charm threshold, which is common to all of these
determinations, and that improved theory input for the 3-to-
4 flavor matching could significantly reduce it. (Note that
in our calculation we take the matching scale across a flavor
threshold equal to the corresponding quark mass in order to
avoid large logarithms. Additional insights could be gained
by studying the dependence on this matching scale as
in Ref. [53].)
In conclusion, we assign a 12% systematic error on both

ReA0 and ImA0 associated with the NLO determination of
the Wilson coefficients.

J. Error budget

We divide the systematic errors into those that affect the
calculation of the matrix elements of the MS weak
operators Q0

j and those that enter when these matrix
elements are combined to produce the complex, physical
decay amplitude A0. The former are collected in
Table XXV. In order to obtain the final systematic error
on Im!A0" arising from these matrix elements we note that
the result is dominated by the Q6 operator with only a 20%
cancellation from Q4. In this circumstance it is reasonable
simply to apply the same flat percentage error to Im!A0" as
toQ6. Since Re!A0" is similarly dominated byQ2, we apply
the same strategy. For A0 we then arrive at the error budget
given in Table XXVI which includes this error arising from
the uncertainties in the matrix elements as well as those
arising from the use of perturbation theory when computing
the MS Wilson coefficients and the values of the needed
Standard Model input parameters.

VIII. FINAL RESULTS AND DISCUSSION

In this section we collect our final results including
systematic errors and discuss the implications of our
results. For consistency with our previous work we will

use the SMOM!=q; =q" intermediate scheme for our cen-
tral value.

A. Matrix elements

The renormalized, infinite-volume matrix elements in the
RI and MS schemes are given in Table XIV, where the
errors are statistical only. The corresponding relative
systematic errors can be found in Table XXV. For the
convenience of the reader we have reproduced the matrix
elements in the SMOM!=q; =q" scheme including their
systematic errors in Table XXVII. In order to allow the
reader to compute derivative quantities from these matrix
elements, the covariance matrices for the renormalized
matrix elements in the SMOM!=q; =q" and MS schemes at
4.01 GeV can be found in Tables XVand XVI, respectively.

B. Decay amplitude

For the real part of the decay amplitude we take the value
from Eq. (77a) and apply the systematic errors given in
Table XXVI to obtain

Re!A0" # 2.99!0.32"!0.59" ! 10!7 GeV; !109"

where the errors are statistical and systematic, respectively.
The imaginary part is obtained likewise from Eq. (85),
giving

Im!A0" # !6.98!0.62"!1.44" ! 10!11 GeV: !110"

The breakdown of the contributions of each of the ten
operators to these amplitudes can be found in Table XVIII.
We observe that, at the scale at which we are working, the
dominant contribution to Re!A0" (97%) originates from the
tree operator Q2, while Q1 has a contribution of about 13%
that is largely canceled by that of the penguin operator
[59,60] Q6. Likewise, the dominant contribution to Im!A0"
is from the QCD penguin [59,60] operator, Q6, with a 14%
cancellation from Q4.

C. A comment on the !I = 1=2 rule

The “!I # 1=2 rule” refers to the enhancement by almost
a factor of 450 of the I # 0K ! !! decay rate relative to that
of the I # 2 decay, corresponding to the experimentally

TABLE XXV. Relative systematic errors on the infinite-volume
matrix elements of the MS-renormalized four-quark operatorsQ0

j.

Error source Value

Excited state $ $ $
Unphysical kinematics 5%
Finite lattice spacing 12%
Lellouch-Lüscher factor 1.5%
Finite-volume corrections 7%
Missing G1 operator 3%
Renormalization 4%

Total 15.7%

TABLE XXVI. Relative systematic errors on Re!A0" and
Im!A0".

Error source Value

Re!A0" Im!A0"
Matrix elements 15.7% 15.7%
Parametric errors 0.3% 6%
Wilson coefficients 12% 12%

Total 19.8% 20.7%
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TABLE XXV. Relative systematic errors on the infinite-volume
matrix elements of the MS-renormalized four-quark operatorsQ0

j.

Error source Value

Excited state $ $ $
Unphysical kinematics 5%
Finite lattice spacing 12%
Lellouch-Lüscher factor 1.5%
Finite-volume corrections 7%
Missing G1 operator 3%
Renormalization 4%

Total 15.7%

TABLE XXVI. Relative systematic errors on Re!A0" and
Im!A0".

Error source Value

Re!A0" Im!A0"
Matrix elements 15.7% 15.7%
Parametric errors 0.3% 6%
Wilson coefficients 12% 12%

Total 19.8% 20.7%
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• Statistical (12%), systematic (29%), IB corrections (23%) [Cirigliano, et al., 2020]
• Continuum PT at NNLO needed for Wilson coefficients (12%)
• New G-parity BC simulations at smaller lattice spacing underway
• EM/isospin corrections can be calculated in lattice QCD+QED, but 

incompatible with G-parity BC’s

Finite lattice spacing effects remain a significant source
of systematic error as at present we have computed !0 at a
single, somewhat coarse lattice spacing. In the future we
intend to follow the procedure used in our A2 calculation
[2] to compute A0 at two different lattice spacings, allowing
us to perform a full continuum limit. This is hampered by
the need to generate new ensembles with GPBC, which
alongside the high computational cost of the measurements
and the need for large statistics requires significantly more
computing power than is presently available.
A second important systematic error, which we plan to

reduce in future work, comes from the effects of electro-
magnetic and light quark mass isospin breaking. As
discussed in Sec. VIII D, the small size of the amplitude
A2 relative to A0 gives a potential 20 times enhancement of
such effects which are normally at the 1% level. The effects
of electromagnetism and the quark mass difference
md !mu have been studied in considerable detail using
chiral perturbation theory and large Nc arguments, most
recently in Ref. [73]. We take the size of their correction as
an important systematic error for our present result and are
exploring possible methods to also use lattice techniques to
determine these effects [78,79].
For our final result we obtain

Re!!0=!"lattice # 0.00217!26"!62"!50": !114"

The third error here is the systematic error associated with
isospin breaking and electromagnetic effects, and the first
and second errors are the statistical error and the remaining
systematic error. This result can be compared to the
experimental value

Re!!0=!"expt # 0.00166!23": !115"

These values are consistent within the quoted errors.
We believe that !0 continues to offer a very important test

of the Standard Model with exciting opportunities for the
discovery of new physics. For this promise to be realized
substantially more accurate Standard Model predictions are
needed. Important improvements can be expected from a
simple extension of the work presented here, studying a
sequence of ensembles with decreasing lattice spacing so
that a continuum limit can be evaluated. In addition, we are
developing a second, complementary approach to the study
of K ! "" decay which is based on periodic boundary
conditions. This avoids the complexity of the G-parity
boundary conditions used in the present work but requires
that higher excited "" states be used as the decay final state
[80]. More challenging is the problem posed by the
inclusion of electromagnetism where new methods
[78,79] are needed to combine the finite-volume methods
of Lüscher [11] and Lellouch and Lüscher [12] with the
long-range character of electromagnetism.
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APPENDIX A: WICK CONTRACTIONS
FOR THE K ! !! THREE-POINT FUNCTION

WITH THE " OPERATOR

In this Appendix we provide the expressions for the
Wick contraction required to compute the K ! "" three-
point function with the # operator. The corresponding
diagrams for the ""!$ $ $" operators can be found in
Appendixes B.1 and B.2 of Ref. [32].
For this Appendix we will utilize the notation described

in Sec. III Awhereby the quark field operators are placed in
two-component “flavor” vectors $ l and $h for the light and
heavy quarks, respectively, and the corresponding propa-
gators are matrices also in this flavor index. In this notation
the creation operator for the G-parity even neutral kaon
analog has the form

OK̃0 #
i!!!
2

p !d̄%5s% s̄0%5u" # i!!!
2

p $̄ l%5$h; !A1"

where the physical component corresponds to the usual
neutral kaon operator (cf. Sec. VI.A of Ref. [10]). The #
creation operator has the form

R. ABBOTT et al. PHYS. REV. D 102, 054509 (2020)
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statistical, systematic, systematic IB   



Periodic Boundary Conditions (PBCs)
• Every lattice calculation starts with a correlation function in 

Euclidean spacetime

7

A. Overview of measurements

On the lattice we measure the following three-point
functions:

Ci!t; tK!snk
sep " # h0jO†

snk!tK!snk
sep "Qi!t"OK̃0!0"j0i; !36"

where t denotes the time separation between the kaon and
four-quark operators, and tK!snk

sep the time separation
between the kaon and the !! “sink” operator, Osnk. As
described in Ref. [30], the Wick contractions of these
functions fall into four categories based on their topology,
as illustrated in Fig. 2.
Note that here and below we take care to differentiate

between the G-parity kaon state K̃0, which is a G-parity
even eigenstate of the finite-volume Hamiltonian, and the
physical kaon K0 that is not an eigenstate of the system.
The matrix elements of the physical kaon are related to
those of the G-parity kaon by a constant multiplicative
factor of

!!!
2

p
that serves as the analogue of the Lellouch-

Lüscher finite-volume correction as described in Sec. VI.B.
of Ref. [10].
In order to maximize statistics we translate the three-

point function over multiple kaon time slices and average
the resulting measurements. As the statistical error is
dominated by the type3 and type4 diagrams these are
measured with kaon sources on every time slice,
0 ! tK < LT . The far more precise type1 and type2 con-
tributions are measured every eighth time slice in order to
reduce the computational cost. For the remainder of this
section we will assume all correlation functions to have
been averaged over the kaon time slice where appropriate.
We compute each diagram with five different time

separations between the kaon and the !! sink operators,
tK!snk
sep " f10; 12; 14; 16; 18g, with the !S # 1 four-quark
operator inserted on all intervening time slices. Note these
five time separations specify the time between the kaon
operator and the closest single-pion factor in the !!
operator for those cases when the !! operator is a product
of single-pion operators evaluated on different time slices.
(This convention of specifying the minimum time separa-
tion from those !! operators which are nonlocal in the time

is followed throughout this paper.) As these !! operators
comprise back-to-back moving pions with zero total
momentum, we must measure each diagram for all possible
orientations of the pion momenta in order to project onto
the rotationally symmetric state.
The type3 and type4 diagrams both contain a light or

strange quark loop beginning and ending at the operator
insertion point that results in a quadratic divergence
regulated by the lattice cutoff. This divergence is removed
by defining the subtracted operators [30,31],

Qi ! Qi # "is̄#5d: !37"

We will henceforth denote the unsubtracted operator with a
hat notation, Q̂i. The coefficients "i in Eq. (37) are defined
by imposing the condition,

h0jfQ̂i!t" # "i!t"$s̄#5d%!t"gOK̃0!0"j0i # 0; !38"

where we have allowed "i to vary with time as this was
found to offer a minor statistical improvement. Although
the matrix element of this pseudoscalar operator vanishes
by the equations of motion for energy-conserving kinemat-
ics and is therefore not absolutely necessary for our
calculation, the subtraction reduces the systematic error
resulting from the small difference between our !! and
kaon energies while simultaneously reducing the statistical
error and suppressing excited-state contamination.
Due to having vacuum quantum numbers, the I # 0 !!

operators project also onto the vacuum state and this off-
shell matrix element dominates the signal unless an explicit
vacuum subtraction is performed,

Ci!t; tK!snk
sep " ! Ci!t; tK!snk

sep "

# h0jO†
snk!tK!snk

sep "j0ih0jQi!t"OK̃0!0"j0i:
!39"

However, due to our definition of the subtraction coefficient
"i in Eq. (38), the vacuum matrix elements appearing in the
right-hand side vanish making this subtraction unnecessary.
In practice this cancellation is not exact in our numerical
analysis for the following reason: While the !! “bubble”
h0jO†

snkj0i is formally time-translationally invariant we
observed a minor statistical advantage in evaluating this
quantity with the !! operator on the same time slice as it
appears in the full disconnected Green’s function that is
being subtracted, such that it is maximally correlated.
Therefore, for the rightmost term in Eq. (39) we compute

1

ntK

X

tK"ftKg
h0jO†

snk!tK & tK!snk
sep "j0ih0j

! fQ̂i!t& tK" # "i!t"$s̄#5d%!t& tK"gOK̃0!tK"j0i; !40"

(a) (b)

(c) (d)

FIG. 2. The four classes of K ! !! Wick contractions.
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! →
• #(!) is sum of exponentials, &'()*, pull operators apart,               
!+ ≪ !-. ≪ !// to get ground state contribution

• G-parity BC’s: enforces non-zero momenta for the pions,
so 2p ground state corresponds to physical kinematics 

• For PBC’s an excited state corresponds to physical kinematics  

(I=0,2)

(I=0)

(I=0)

(I=0)



Why make life (seemingly) harder?

• G-parity more expensive (~2×) and need special ensembles

• G-parity conserves isospin: incompatible with QED corrections

• Ordinary PBC ensembles of gauge configurations exist already 

with many different lattice spacings, volumes

• Generalized eigenvalue problem (GEVP) method effective for 

resolving ground and excited states

8



GEVP method
(Blossier, et al., JHEP 04 (2009) 094)

• Matrix of correlation functions, N operators, N states

!"#(%) = < )" % )# 0 >, )"= --, - = ./ 01/

• Solve generalized eigenvalue problem,

• Obtain (eigen-) energies of states, eigenvectors

23 %, %4 = 5678(969:), ;3 ∝ =3 , >3 = ∑@A)"=3"∗ , 

• Systematic error: N+1st state contaminates lower N states, energies

(but the contamination is exponentially suppressed)

9

49

which these operators create and the overlap amplitudes between these operators and states.

A second approach to analyze such data is the generalized eigenvalue problem (GEVP) ap-

proach [51, 52]. The GEVP can be viewed as a generalization of the concept of e↵ective

mass, from single-operator to multiple-operator Green’s functions. In principle, this ap-

proach has good control over the systematic error resulting from the excited states that are

not included in the analysis. Following the notation of Ref. [52], the N -dimension GEVP

can be defined as

C(t)vn(t, t0) = �n(t, t0)C(t0)vn(t, t0) 1  n  N, t0  t , (36)

where C(t) is the N-dimensional matrix of two-point functions, vn, 1  n  N are the

eigenvectors and �n(t, t0) are the corresponding generalized eigenvalues. (In this section

only, we follow the conventions of Ref. [52], and construct the correlation function Cij(t)

from the product Oi(t)Oj(0)†.) In the limit where the lattice temporal extent, T , is large,

the energy of the nth state is related to �n by

En = lim
t!1

Ee↵
n
(t, t0)

Ee↵
n
(t, t0) = log(�n(t, t0))� log(�n(t+ 1, t0)) .

(37)

The GEVP approach can also be used to construct an operator A†
n
which creates the

normalized lattice energy eigenstate:

An(t, t0) = e�HtQn(t, t0)

Qn(t, t0) = Rn(t, t0)
NX

i=1

Oiv
n⇤
i
(t, t0)

Rn(t, t0) =

 
NX

i,j=1

vn⇤
i
(t, t0)Cij(t)v

n

j
(t, t0)

!�0.5
�n(t0 + t/2, t0)

�(t0 + t, t0)
.

(38)

It has been shown that in the region where t0 > t/2, the systematic error in the energy of

the ith state resulting from states omitted from the analysis is constrained by [52]

�E = O
�
e�(EN+1�Ei)t

�
. (39)

If T is not su�ciently large, we need to consider two complications to the GEVP proce-

dures described above. The first is around-the-world propagation, which introduces time-

independent constants into the correlation functions for both isospin channels for each of



!! → !!
• Construct #$% & , two-pion two-point correlation function

• Use two pion operators with relative momentum up to 
()
* (1,1,1) and scalar, or N=5

• Subtract vacuum state for I=0

• I=0, 2 states from linear combinations of Wick contractions

10

26

FIG. 3: Diagrams showing the contractions which contribute to the two-point functions

involving the ⇡⇡(. . .) and � operators. The solid dots indicate the positions of the pion

two-quark operators and the dotted vertical lines passing through these points indicate the

separate 3-dimensional time slices on which these operators are placed, with the nearby

pairs of lines separated by four time units as described in Eq. (15). Identical diagrams

appear for the � operator only with a single vertical line at the source and/or sink, with

the dots now representing the scalar bilinear. The top 4 diagrams are labeled by C, D, R

and V diagrams from left to right, and the lower 4 diagrams are labeled by C�⇡⇡, V�⇡⇡, C��

and V�� from left to right.

The matrix of two-point correlation functions for the ⇡⇡ and � operators can be obtained

from a linear combination of eight di↵erent diagrams, labeled as C, D, R, V , C�⇡⇡, V�⇡⇡,

C�� and V��, each corresponding to a particular Wick contraction that is identified in Fig. 3.

Their definition in terms of quark propagator is given in Appendix C. They can be combined

to obtain the two-point correlation functions as follows:

h⇡⇡(t)⇡⇡(0)iI=2 = 2D � 2C

h⇡⇡(t)⇡⇡(0)iI=0 = 2D + C � 6R + 3V
(22)

h�(t)�(0)i =
1

2
V�� �

1

2
C��

h�(t)⇡⇡(0)i =

p
6

4
V�⇡⇡ �

p
6

2
C�⇡⇡ .

(23)

If we were to perform the contractions for each of the di↵erent total momenta by substi-

tuting Eq. (15) into Eqs. (22) and (23), the number of di↵erent contractions to be evaluated

for each gauge configuration would be 7848, which is unnecessarily large. The technique

which we employ to reduce the number of momentum combinations takes advantage of

(DanHoying)

#$% = < 0$ & 0% 0 >, 0$= 3 and !!; 3 = 89 9, ! = 89 :;9



Ensemble details

• 2+1 flavors of Möbius domain-wall fermions (MDWF) with 

physical masses (mp=140 MeV, etc)

• Iwasaki+DSDR gauge action for the gluons

• Two ensembles, 243 and 323 both with Nt=64

• (inverse) lattice spacing a-1 = 1 and 1.4 GeV (relatively coarse)

• Statistics: 258 and 107 configs for 243 and 323, respectively 

• 323 ensemble matches G-parity BC ensemble (741 configs)

11



!! → !! energies
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!! → !! operators

-1.0
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0.5
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2 4 6 8 10 12 14
t/a

aEeff
C(000)
C(σ)

C(001)
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n = 1, Evec, Rebased GEVP
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• I=0
• 5x5 GEVP
• Noise from higher states
• “Rebase”: use linear 

combination from small t for 
reduced GEVP at larger t

• Elements of eigenvector n 
are coefficients of linear 
combination of operators 
that create state n

preliminary
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0.5

1.0

1 2 3 4 5 6 7
t/a

aEeff
C(000)
C(σ)

C(001)
C(011)
C(111)

n = 1, Evec, Rebased GEVP

243

323



! → ##

üUse 2-pion states from ## scattering, i.e., construct linear 
combinations of correlation functions using coefficients from 
## analysis

üCould also do GEVP for kaon (under investigation, but not yet)

14

(Masaaki Tomii)



! → ## matrix elements
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• Filled symbols used in fit
• Fit to constant
• Several (fixed) $%% − $' separations
• unrenormalized
• I=2 not optimized (sparsening for I=0)

tππ - tK

χ2/dof = 0.92

tππ - top

6
7
9
10
11
13

-0.06

-0.05

-0.04

-0.03

-0.02

-0.01

0.00

0.01

123456

I = 0, Q2, 1st excited, 4x4 GEVP

Q2
tππ - tK

χ2/dof = 0.60

tππ - top

6
7
9
10
11
13

-0.04

0.00

0.04

0.08

0.12

0.16

123456

I = 0, Q6, 1st excited, 4x4 GEVP

Q6

tππ - tK

χ2/dof = 0.39

tππ - top

6
7
9
10
11
13

-0.002

-0.001

0.000

0.001

0.002

0.003

246810

I = 2, Q2, 1st excited, 4x4 GEVP

Q2

(preliminary)



Comparison with G-parity BC

16

• PBC:    243, a-1= 1 GeV
• GPBC: 323, a-1= 1.4 GeV (3x stats)
• Renormalized matrix elements
• Consistency is encouraging
• 323  in progress
• Results: !", !$, %’ at Lattice 2022 

in August

1
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I=0



Outlook
• GEVP method, with similar statistics, appears promising

• Improving statistics on both ensembles

• Moving to finer lattice spacings (including for G-Parity)

• Method for EM corrections under development– large hurdle 
cleared with PBC setup

• Apply to next generation of 2+1+1 MDWF ensembles

• 10% precision within next 10 years 

17



Leptonic decay rates from 

lattice QCD+QED

18

! "# → %#&' ∝ (1 + ,-.)|123|45674

8 6→'9:
8 ;→'9:

= 1.3367(28) (PDG)

|123|567
|12<|5;7

= 0.27600 37
(ChiPT, Cirigliano, et al, 2012)

|123|567
|12<|5;7

= 0.27683(29)(20)
(1st lattice, Di Caprio, et al, 2019)

|123|567
|12<|5;7

= 0.2760(4)
(FLAG 2021)

567
5;7

= 1.1932(21)
(FLAG 2021)

0.18%
A. El-Khadra RPF Spring meeting, 16-19 May 2022

K+ ! µ+⌫µ

Leptonic decays of  mesonsK, !

7

example:

�
�
K+ ! `+⌫`(�)

�
= (known)⇥ (1 + �`EM)⇥ |Vus|2 ⇥ f2

K+

Vus
s̄

u

W
µ+

⌫µ

K+

• Needed to relate pure QCD decay constant to experiment 
  

• ChPT + pheno estimate: −1.12 (21)%  

[Cirigliano et al, arXiv:1107.6001, RMP 2012] 

• First LQCD result: −1.26 (14)% 
[Di Carlo et al, arXiv:1904.08731]  

•

3 67. Vud, Vus the Cabibbo Angle, and CKM Unitarity

integral, which depends on measured semileptonic form factors. For charged kaon decays, ”SU267

is the deviation from one of the ratio of f+(0) for the charged to neutral kaon decay; it is zero68

for the neutral kaon. C2 is 1 (1/2) for neutral (charged) kaon decays. Most early determinations69

of |Vus| were based solely on K æ fie‹ decays; K æ fiµ‹ decays were not used because of large70

uncertainties in Iµ
K . The experimental measurements are the semileptonic decay widths (based71

on the semileptonic branching fractions and lifetime) and form factors (allowing calculation of the72

phase space integrals). Theory is needed for SEW , ”¸
K , ”SU2, and f+(0).73

Many measurements during the last 20 years have resulted in a shift in |Vus|. Most importantly,74

the K æ fie‹ branching fractions are significantly di�erent than much earlier PDG averages,75

probably as a result of inadequate treatment of radiation in older experiments. This e�ect was first76

observed by BNL E865 [22] in the charged kaon system and then by KTeV [23,24] in the neutral kaon77

system; subsequent measurements were made by KLOE [25–28], NA48 [29–31], and ISTRA+ [32].78

Current averages (e.g., by the PDG [33] or Flavianet [34]) of the semileptonic branching fractions79

are based only on recent, high-statistics experiments where the treatment of radiation is clear.80

In addition to measurements of branching fractions, new measurements of lifetimes [35] and form81

factors [36–40], have resulted in improved precision for all of the experimental inputs to |Vus|.82

Precise measurements of form factors for Kµ3 decay make it possible to use both semileptonic83

decay modes to extract Vus.84

Following the analysis of Moulson [41] and the Flavianet group [34, 42], along with recent85

improvements in the QED radiative corrections [43], one finds [44], after including the isospin86

violating e�ect, ”SU2 , the values of |Vus|f+(0) in Table 67.1. The average of these measurements,87

including correlation e�ects [44] gives88

f+(0)|Vus| = 0.21635(38)(3) (67.10) vud-vus:eq:vusfp

where the errors correspond to Kaon experimental parameters and radiative corrections respectively.89

Lattice QCD calculations of f+(0) have been carried out for 2, 2+1, and 2+1+1 quark flavors
and range from about 0.96 to 0.97. Here, we illustrate recent FLAG (2020) updated averages [45]
for 2+1 and 2+1+1 flavors:

f+(0) = 0.9677(27) Nf = 2 + 1
f+(0) = 0.9698(17) Nf = 2 + 1 + 1 (67.11) vud-vus:eq:flag

One finds from Eq. (67.10) and Eq. (67.11),

|Vus| = 0.2236(4)exp+RC(6)lattice (Nf = 2 + 1, K¸3 decays)
= 0.2231(4)exp+RC(4)lattice (Nf = 2 + 1 + 1, K¸3 decays) (67.12) vud-vus:eq:vuskl3

A value of Vus can also be obtained from a comparison of the radiative inclusive decay rates for90

K æ µ‹(“) and fi æ µ‹(“) combined with a lattice gauge theory calculation of fK+/ffi+ via91

|Vus|fK+

|Vud|ffi+
= 0.23871(20)

5
≈ (K æ µ‹(“))
≈ (fi æ µ‹(“))

6 1
2

(67.13)

with the small error coming from electroweak radiative corrections [46–48]; these corrections were92

confirmed by direct lattice calculation of the kaon and pion leptonic decay rates [47,48]. Employing93

94
≈ (K æ µ‹(“))
≈ (fi æ µ‹(“)) = 1.3367(28), (67.14)

DRAFT 16th November, 2021 1:20am- Not for public distribution

experimental average [PDG]:

4 67. Vud, Vus the Cabibbo Angle, and CKM Unitarity

Table 67.1: |Vus|f+(0) from K¸3, based on ref. [44]
vud-vus:tab:fplvus

Decay Mode |Vus|f+(0)
K±e3 0.21714 ± 0.00091
K±µ3 0.21703 ± 0.00114
KLe3 0.21617 ± 0.00047
KLµ3 0.21664 ± 0.00058
KSe3 0.21530 ± 0.00122
KSµ3 0.21265 ± 0.00467
Average (including correlation e�ects [44]) 0.21635 ± 0.00038

which includes ≈ (K æ µ‹(“)) = 5.134(11) ◊ 107s≠1 [41, 49], leads to95

|Vus|fK+

|Vud|ffi+
= 0.27600(37). (67.15) vud-vus:eq:vuskl2f

Employing the FLAG [45] lattice QCD averages for the isospin broken decay constants

fK+

ffi+
= 1.1917(37) Nf = 2 + 1

= 1.1932(21) Nf = 2 + 1 + 1. (67.16) vud-vus:eq:flagave

along with the value of |Vud| in Eq. (67.4) leads to

|Vus| = 0.2255(8) (Nf = 2 + 1, Kµ2 decays)
= 0.2252(5) (Nf = 2 + 1 + 1, Kµ2 decays). (67.17) vud-vus:eq:vuskmu2

Together, weighted averages of the K¸3 (Eq. (67.12)) and Kµ2 (Eq. (67.17)) values give similar
results for Nf = 2 + 1 and 2 + 1 + 1 flavors:

|Vus| = 0.2244(5) Nf = 2 + 1
|Vus| = 0.2243(4) Nf = 2 + 1 + 1. (67.18) vud-vus:eq:vusaverage

Note that the di�erences between K¸3 and Kµ2 values for Vus di�er by 2 and 3 sigma, respectively,96

for Nf = 2 + 1 and 2 + 1 + 1 flavors. One should therefore scale the uncertainties in Eq. (67.18)97

accordingly. For that reason, we allow for a scale factor of 2.7 for both 2+1 and 2+1+1 flavors and98

average the two values. That approximate procedure leads to |Vus| = 0.2243(8) which we use when99

we consider the first row test of CKM unitarity.100

It should be mentioned that hyperon decay fits suggest [50]101

|Vus| = 0.2250(27) (Hyperon Decays) (67.19)

modulo SU(3) breaking e�ects that could shift that value up or down. We note that a representative102

e�ort [51] that incorporates SU(3) breaking found Vus = 0.226(5). Strangeness changing tau decays,103

averaging both inclusive and exclusive measurements, give [52]104

|Vus| = 0.2221(13) (Tau Decays) , (67.20)

which di�ers by about 2 sigma from the kaon determination discussed above, and would, if com-105

bined with Vud from super-allowed beta decays, lead to a 4 sigma deviation from unitarity. This106
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|Vus|fK+

|Vud|f⇡+

= 0.27683 (29)exp(20)th

(A. El-Khadra)
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! "# → %&'()* ∝ (1 + /01 + /23(4)) 678 49(4(0)

|678|9((0) = 0.21635(39)(3)
(C-Y Seng, et al, 2022)

|678|9((0) = 0.2165(4)

(FLAG 2021)

9((0) = 0.9698(17)A. El-Khadra RPF Spring meeting, 16-19 May 2022

K0 ! ⇡�`+⌫`

Semileptonic kaon decay

8

example:

K0

ū

d

⇡�

s̄
W

µ+

⌫µ

Needed to relate pure QCD form factor to 
experiment. Mode dependent. 

�K`3 = (known)⇥
✓

phase
space

◆
⇥ (1 + �K`

EM + �K⇡
SU(2))⇥ |Vus|2 ⇥ |fK0⇡�

+ (0)|2

Needed to include charged kaon 
decay in the experimental average.

Vus

!Vus ! f+(0) = 0.21635 (39)exp (3)EM

experimental average [PDG]

[Ch.Y. Seng et al, arXiv:2107.14708]

(A. El-Khadra)
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First row CKM unitarity

10

Vub ⇠ 0
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3.2! tension

|Vud| = 0.97373 (11) (9) (27)  from nuclear "-decay  
[Hardy & Towner, PRC 102, 045501, 2020]

#u = $ 0.0021 (2)exp,0+ (2)EM (5)NC (2)exp,K (2)lat,K

[C.Y. Seng et al, arXiv:2107.14708]

�u = �0.00151 (39)f+(0)(36)fK/f⇡ (36)exp(27)EM
<latexit sha1_base64="jgtqFt4sUqMQdXslLfui1ueBlOI="></latexit>

2! tension

[165]

[255]

Figure 10: The plot compares the information for |Vud|, |Vus| obtained on the lattice for
Nf = 2 + 1 and Nf = 2 + 1 + 1 with |Vud| extracted from nuclear � transitions Eqs. (71)
and (72). The dotted line indicates the correlation between |Vud| and |Vus| that follows if the
CKM-matrix is unitary. For the Nf = 2 results see the 2016 edition [3].

4.3.3 Extraction of |Vud| and |Vus|
It is instructive to convert the averages for f+(0) and fK±/f⇡± into a corresponding range
for the CKM matrix elements |Vud| and |Vus|, using the relations (69). Consider first the
results for Nf = 2 + 1 + 1. The average for f+(0) in Eq. (76) is mapped into the interval
|Vus| = 0.2232(6), depicted as a horizontal red band in Fig. 10. The one for fK±/f⇡± in
Eq. (81) and |Vus/Vud|(fK±/f⇡±) in Eq. (69) is converted into |Vus|/|Vud| = 0.2313(5),
shown as a tilted red band. The red ellipse is the intersection of these two bands and
represents the 68% likelihood contour,17 obtained by treating the above two results as
independent measurements. Repeating the exercise for Nf = 2 + 1 leads to the green
ellipse. The vertical light and dark blue bands show |Vud| from nuclear � decay, Eqs. (71)
and (72), respectively. The PDG value (71) indicates a tension with both theNf = 2+1+1
and Nf = 2 + 1 results from lattice QCD.

As we mentioned, QED radiative corrections are becoming relevant for the extraction
of the CKM elements at the current precision of lattice QCD inputs. We obtain a slightly
larger value of |Vus|/|Vud| = 0.2320(5) by inputting |Vus/Vud|(fK±/f⇡±) in Eq. (70) with
the QED corrections on the lattice. Figure 11 suggests that the kaon (semi)leptonic decays
favour a slightly smaller value of |Vud| than the nuclear transitions.

17Note that the ellipses shown in Fig. 5 of both Ref. [1] and Ref. [2] correspond instead to the 39% likelihood
contours. Note also that in Ref. [2] the likelihood was erroneously stated to be 68% rather than 39%.
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Structure dependent EM corrections 
are now an important source of error

Δ" = −0.00117(37) ,-.
,/.

+ 1 decay

Δ" = −0.0187(66)

(FLAG 2021)

Δ" = −0.00206(37) ,: 0 + 1 decay
Lattice only

Δ" = −0.00110(68)

Δ" = −0.0021(2)(2)(5)(2)(2)
(C-Y Seng, et al, 2022)
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The leading electromagnetic (e.m.) and strong isospin-breaking corrections to the !! ! "!#"$# and
K! ! "!#"$# leptonic decay rates are evaluated for the first time on the lattice. The results are obtained using
gauge ensembles produced by the European Twisted Mass Collaboration with Nf $ 2! 1! 1 dynamical
quarks. The relative leading-order e.m. and strong isospin-breaking corrections to the decay rates are
1.53(19)% for !"2 decays and 0.24(10)% for K"2 decays. Using the experimental values of the !"2 and K"2

decay rates and updated lattice QCD results for the pion and kaon decay constants in isosymmetric QCD,
we find that the Cabibbo-Kobayashi-Maskawa matrix element jVusj $ 0.22538%46&, reducing by
a factor of about 1.8 the corresponding uncertainty in the particle data group review. Our calculation of
jVusj allows also an accurate determination of the first-row Cabibbo-Kobayashi-Maskawa unitarity relation
jVudj2 ! jVusj2 ! jVubj2 $ 0.99988%46&. Theoretical developments in this paper include a detailed dis-
cussion of how QCD can be defined in the full QCD! QED theory and an improved renormalization
procedure in which the bare lattice operators are renormalized nonperturbatively into the regularization
independent momentum subtraction (RI’-MOM) scheme and subsequently matched perturbatively at
O%%em%s%MW&& into the W-regularization scheme appropriate for these calculations.

DOI: 10.1103/PhysRevD.100.034514

I. INTRODUCTION

In flavor physics, the determination of the elements of the
Cabibbo-Kobayashi-Maskawa (CKM) matrix [1], which
contain just four parameters, from a wide range of weak
processes represents a crucial test of the limits of the Standard
Model (SM) of particle physics. Inconsistencies with theo-
retical expectationswould indeed signal the existence of new
physics beyond the SM and subsequently a detailed

comparison of experimental measurements and theoretical
predictions would provide a guide toward uncovering the
underlying theory beyond the SM. For this to be possible
nonperturbative hadronic effects need to be evaluated as
precisely as possible and in this paper we report on progress
in improving the precision of lattice computations of leptonic
decay rates by including radiative corrections and strong
isospin-breaking (IB) effects. A summary of our results has
been presented in Ref. [2]; here we expand on the details of
the calculation and include several improvements, most
notably the renormalization of the four-fermion weak oper-
ators in the combined QCD! QED theory (see Sec. IV).We
also discuss in some detail how one might define the QCD
component of the full (QCD! QED) theory (see Sec. II).
Although such a separate definition of QCD is not required

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP3.

PHYSICAL REVIEW D 100, 034514 (2019)
Editors' Suggestion

2470-0010=2019=100(3)=034514(35) 034514-1 Published by the American Physical Society

!CP
P!t" # 4"#em

X

f#f1;f2

!mcrit
f ·

X

!x;y

h0jTfJ$W!0"iq̄f!y"%5qf!y"&
†
P! !x;!t"gj0i

p$
P

MP
; !34"

!CS
P!t" # !4"#em

X

f#f1;f2

mf
Zf

m

Z!0"
m

·
X

!x;y

h0jTfJ$W!0"$q̄f!y"qf!y"%&
†
P! !x;!t"gj0i

p$
P

MP
; !35"

where!em
'( !y1; y2" is the photon propagator, J$W!x" is the local version of the hadronic (V ! A) weak current renormalized in

QCD only,3

J$W!x" # q̄f2!x"%
$$Z!0"

V ! Z!0"
A %5%qf1!x"; !36"

jem' is the (lattice) conserved e.m. current,4

jem' !y" #
X

f
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2
$q̄f!y"!%' ! i)3%5"U'!y"qf!y& a'̂" & q̄f!y& a'̂"!%' & i)3%5"U†

'!y"qf!y"%; !37"

and Tem
' is the tadpole operator
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' !y" #
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'!y"qf!y"%: !38"

In Eqs. (32)–(35), &†
P! !x;!t" # iq̄f1! !x;!t"%5qf2! !x;!t" is

the interpolating field for a P meson composed by two
valence quarks f1 and f2 with charges e1e and e2e. The
Wilson r-parameters rf1 and rf2 are always chosen to be
opposite rf1 # !rf2 (see Appendix A). We have also
chosen to place the weak current at the origin and to
create the P meson at a negative time !t, where t and T ! t
are sufficiently large to suppress the contributions from
heavier states and from the backward propagating P meson
(this latter condition may be convenient but is not neces-
sary). In Eq. (35), Z!0"

m is the mass RC in pure QCD, which
for our maximally twisted-mass setup is given by

Z!0"
m # 1=Z!0"

P , where Z!0"
P is the RC of the pseudoscalar

density determined in Ref. [28]. The quantity Zf
m is related

to the e.m. correction to the mass RC,

ZQCD&QED
m #

!
1 !

#em
4"

Zf
m

"
Z!0"
m &O!#mem#ns "

! !m > 1; n " 0" !39"

and can be written in the form

Zf
m # Zf

QEDZ
fact
m ; !40"

where Zf
QED is the pure QED contribution at leading order

in #em, given in the MS scheme at a renormalization scale '
by [30,31]

Zf
QED!MS; '" # e2f!6 log!a'" ! 22.5954"; !41"

where ef is the fractional charge of the quark qf and Zfact
m

takes into account all the corrections of order O!#ns " with
n " 1.

(a) (b) (c)

FIG. 5. Connected diagrams contributing atO!#em" to theK& ! l&(l decay amplitude corresponding to photon exchanges involving
the final-state lepton.

3In our maximally twisted-mass setup, in which the Wilson r
parameters rf1 and rf2 are always chosen to be opposite rf1 #
!rf2 (see Appendix A), the vector (axial) weak current in the
physical basis renormalizes multiplicatively with the RC ZA (ZV )
of the axial (vector) current for Wilson-like fermions, i.e., Z!0"

V #
ZA and Z!0"

A # ZV (see Appendix D).
4The use of the conserved e.m. current guarantees the absence

of additional contact terms in the product jem' !y1"jem( !y2".
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• First lattice QCD+QED calculation 
• 1.53(19) % and 0.24(10) % effects on 
p, K leptonic decay rates

• Vus=0.22538(46) (2x red. over PDG)
• QEDL (power law FV effects)



22

Near-Physical Point Lattice Calculation of

Isospin-Breaking Corrections to Q◆2/0◆2

Andrew Zhen Ning Yong,
0,⇤

Peter Boyle,
0,1

Matteo Di Carlo,
0

Felix Erben,
0

Vera

Gülpers,
0

Maxwell T. Hansen,
0

Tim Harris,
0

Nils Hermansson-Truedsson,
2

Raoul

Hodgson,
0

Andreas Jüttner,
3,4

Antonin Portelli
0

and James Richings
0

0Department of Physics & Astronomy, University of Edinburgh,
Peter Guthrie Tait Road, King’s Buildings, Edinburgh, United Kingdom
1Physics Department, Brookhaven National Laboratory, Upton, NY, USA
2Albert Einstein Center for Fundamental Physics, Institute for Theoretical Physics, Universität Bern,
Sidlerstrasse 5, 3012 Bern, Switzerland
3School of Physics and Astronomy, University of Southampton, University Road, Southampton SO17 1BJ,
United Kingdom
4CERN, Physics Department, 1211 Geneva 23, Switzerland

E-mail: andrew.yong@ed.ac.uk

In recent years, lattice determinations of non-perturbative quantities such as 5 and 5c , which
are relevant for +DB and +D3 , have reached an impressive precision of O(1%) or better. To make
further progress, electromagnetic and strong isospin breaking e�ects must be included in lattice
QCD simulations.

We present the status of the RBC/UKQCD lattice calculation of isospin-breaking corrections to

light meson leptonic decays. This computation is performed in a (2+1)-flavor QCD simulation

using Domain Wall Fermions with near-physical quark masses. The isospin-breaking e�ects are

implemented via a perturbative expansion of the action in U and (<D � <3). In this calculation,

we work in the electro-quenched approximation and the photons are implemented in the Feynman

gauge and QEDL formulation.
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Figure 1: Feynman diagrams of scalar insertions on quark legs (marked with red boxes).
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Figure 2: Feynman diagrams of all possible insertions of the electromagnetic current (marked with green
squiggle lines) at O(U). QED interactions with sea quarks are neglected.

4. Lattice methodology & implementation

For this calculation, we generate correlators in a 483
⇥ 96 lattice using near-physical Möbius

Domain Wall Fermions (DWF). The Domain Wall height and the length of the fifth dimension
are "5 = 1.8 and !B = 24, respectively [13]. To reduce the computational cost of generating
near-physical light quark propagators, we make use of ZMöbius fermions [14] together with the
eigenvectors generated by the RBC/UKQCD collaboration for deflation. The 60 QCD gauge
configurations used are also generated by the RBC/UKQCD collaboration using the Iwasaki gauge
action [15]. The sea quark masses are 0<B40

;
= 0.00078, 0<B40

B
= 0.0362. We choose the valence

up- and down-quark masses to have the same value as the sea, 0<D = 0<3 = 0<B40

;
and similarly for

the valence strange quarks, 0<B = 0<B40

B
. In this setup, the lattice spacing is 0�1 = 1.7295(38)GeV

and the ensemble pion mass is "c = 139.15(36) MeV.
The correlators are built from quark propagators with Coulomb gauge-fixed wall sources. As

such, we must generate correlators with both wall and point sinks in order to extract the axial
matrix element. The implementation of QED on our lattice simulation is as follows: we remove
the photon’s spatial zero mode with the QEDL formalism. As in the case of the scalar current, we
sequentially insert a local EM current in Feynman gauge to obtain a sequential propagator with an /�

insertion. The correlators built from these propagators are then renormalised by appropriate factors
of /+ [16]. To build the hadron-leptonic correlators corresponding to diagrams (e,f) in Figure 2,
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Figure 4: The non-factorisable correlator ratio defined in Equation (29). The red line and pink error band
is the result of a combined fit of the hadron-leptonic correlators, in which only C` � C� = 24 is shown here.
For this combined fit, j2

/3> 5 = 29/31 = 0.94, ?�value= 0.812.

6.3 Combining lattice and analytic results

We are now in the position to construct X' c in Equation (17), which we recast here for
convenience

X' c =

 
X�0, (!)

�0, (!)
�
X�0,c (!)

�0,c (!)

!
� 2

U

4c

⇣
.
(2)
 

(!) � .
(2)
c

(!)

⌘
+
U

4c

�
X�1, (�⇢) � X�1,c (�⇢)

�
.

(30)
The output of the combined fits discussed in the previous subsections, properly tuned to the
isosymmetric point using Equation (18) and the appropriate bare quark mass shifts, {�<@}, will
give the contribution of the first parentheses on the RHS of the above equation. Combining with the
analytic results from [7] and [3], corresponding to the second and third parentheses, respectively,
we obtain X' c .

7. Conclusion & Outlook

A high precision test of the unitarity of the CKM matrix is made possible, in part, with recent
improvements in lattice simulations. Through the inclusion of IB e�ects, we are now in the position
to predict light CKM matrix elements at percent-level precision or better. In the RBC&UKQCD
collaboration, we have a lattice setup that allows us to extract the amplitude correction, X' c , from
a near-physical point simulation. At the time of writing, we are estimating the systematics on the
prediction of |+DB |

|+D3 |
. Indeed, we expect to provide an update on the ratio of CKM matrix elements

shortly after the publication of this proceeding.

9

Isospin-Breaking Corrections to  ✓2/c✓2 Andrew Zhen Ning Yong

0.065

0.066

0.067

0.068

0.069

0.07

0.071

0.072

0.073

0.074

0.075

0 5 10 15 20 25 30 35 40 45

R
K

+
µ
(t

H
,t

µ
�

t H
=

24
)

tH

Non-factorisable QED Correction to K+ Amplitude

data
fit

K+

µ+

K+

µ+

+

⌫µ⌫µ

Figure 4: The non-factorisable correlator ratio defined in Equation (29). The red line and pink error band
is the result of a combined fit of the hadron-leptonic correlators, in which only C` � C� = 24 is shown here.
For this combined fit, j2
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6.3 Combining lattice and analytic results

We are now in the position to construct X' c in Equation (17), which we recast here for
convenience

X' c =

 
X�0, (!)

�0, (!)
�
X�0,c (!)

�0,c (!)

!
� 2

U

4c

⇣
.
(2)
 

(!) � .
(2)
c

(!)

⌘
+
U

4c

�
X�1, (�⇢) � X�1,c (�⇢)

�
.
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The output of the combined fits discussed in the previous subsections, properly tuned to the
isosymmetric point using Equation (18) and the appropriate bare quark mass shifts, {�<@}, will
give the contribution of the first parentheses on the RHS of the above equation. Combining with the
analytic results from [7] and [3], corresponding to the second and third parentheses, respectively,
we obtain X' c .

7. Conclusion & Outlook

A high precision test of the unitarity of the CKM matrix is made possible, in part, with recent
improvements in lattice simulations. Through the inclusion of IB e�ects, we are now in the position
to predict light CKM matrix elements at percent-level precision or better. In the RBC&UKQCD
collaboration, we have a lattice setup that allows us to extract the amplitude correction, X' c , from
a near-physical point simulation. At the time of writing, we are estimating the systematics on the
prediction of |+DB |

|+D3 |
. Indeed, we expect to provide an update on the ratio of CKM matrix elements

shortly after the publication of this proceeding.
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Using the infinite-volume photon propagator, we develop a method which allows us to calculate
electromagnetic corrections to stable hadron masses at leading order in !QED with only exponentially
suppressed finite-volume effects. The key idea is that the infinite-volume hadronic current-current
correlation function with large time separation between the two currents can be reconstructed by its value at
modest time separation, which can be evaluated in finite volume with only exponentially suppressed errors.
This approach can be extended to other possible applications such as QED corrections to (semi)leptonic
decays and some rare decays.

DOI: 10.1103/PhysRevD.100.094509

I. INTRODUCTION

Electromagnetic and strong interactions are two funda-
mental interactions known to exist in nature. They are
described by the first-principle theories of quantum electro-
dynamics (QED) and quantum chromodynamics (QCD),
respectively. In some physical processes, QED and QCD
are both present, and both play indispensable roles. A
typical example is the neutron-proton mass difference,
which is attributed to both electromagnetic and strong
isospin-breaking effects. Although this mass difference is
only 2.53 times the electron mass, it determines the
neutron-proton abundance ratio in the early Universe,
which is an important initial condition for big bang
nucleosynthesis. This quantity attracts a lot of interest
and has motivated a series of lattice QCD studies on the
isospin-breaking effects in hadron spectra [1–8].
Generally speaking, QED effects are small due to the

suppression of a factor of the fine-structure constant
!QED ! 1=137. However, when the lattice QCD calcula-
tions reach the percent or subpercent precision level, the
QED correction becomes relevant. It plays a particularly
important role in precision flavor physics, where lattice

QCD calculations of the semileptonic decay form factors
f!"0# and the leptonic decay constant ratio fK=f" have
reached a precision of !0.3% [9]. At this precision, the
isospin symmetry breakings cannot be neglected. Pioneering
works [10–12] have been carried out to include QED
corrections to leptonic decay rates.
The conventional approach to include QED in lattice

QCD calculations is to introduce an infrared regulator for
QED. One popular choice is QEDL, first introduced in
Ref. [13], which removes all of the spatial zero modes of
the photon field. There are also some other methods:
QEDTL [1], massive photon [14], and C$ boundary con-
dition [15]. In general, by including the long-range electro-
magnetic interaction on a finite-volume lattice, all of
these treatments introduce power-law suppressed finite-
volume errors. This is different from typical pure QCD
lattice calculations where finite-volume errors are sup-
pressed exponentially by the physical size of the lattice.
Reference [16] provides an up-to-date systematic analysis
of the finite-volume errors for the hadron masses in the
presence of QED corrections.
Another approach to incorporate QED with QCD is to

evaluate the QED part in infinite volume analytically and
completely eliminate the power-law suppressed finite-
volume errors. Such an approach, called QED", has been
used in the calculation of hadronic vacuum polarization
(HVP) and the hadronic light-by-light (HLBL) contribution
tomuon g # 2 [17–20]. This approach,when applied toQED
corrections to stable hadron masses, does not completely
remove the power-law suppressed finite-volume effects. This
is mostly because the hadron correlation functions, which
one calculates on the lattice to extract hadron masses, are
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Infinite volume reconstruction for EM corrections

exponentially suppressed for a large hadron source and sink
separation. Therefore, the finite-volume error of the QED
correction to the hadron correlation function evaluated with
QED!, while its absolute size is still exponentially sup-
pressed by the size of the system, is power-law suppressed
only when compared with the correction functions. In this
paper, we propose a method to solve this problem. We show
that the QED self-energy diagram, at the leading order in
!QED, can be calculated on a finite-volume lattice with only
exponentially suppressed finite-volume effects.

II. MASTER FORMULA

We first consider the self-energy calculation in an infinite
space-time volume. For the case of a stable hadronic state
N, the self-energy diagram shown in Fig. 1 can be
calculated in Euclidean space from the integral:

!M ! I ! 1

2

Z
d4xH";#"x#S

$
";#"x#; "1#

where the hadronic part H";#"x# ! H";#"t; !x# is given by

H";#"x# !
1

2M
hN" !0#jT$J""x#J#"0#%jN" !0#i; "2#

where J" ! 2eū$"u=3 " ed̄$"d=3 " es̄$"s=3 is the had-
ronic current, jN" !p#i indicates a hadronic state N with
the massM and spatial momentum !p, and S$";# is the photon
propagator whose form is analytically known. The states
jN" !p#i obey the normalization convention hN" !p0#jN" !p#i!
"2%#32E !p&" !p0" !p#. The current operator J""t; !x# is a
standard Euclidean Heisenberg-picture operator J""t; !x# !
eHtJ""0; !x#e"Ht. A possible short-distance divergence of
the integral can be removed by renormalizing the quark
mass.
If we examine an L3 finite-volume system, the main

feature of conventional methods such as QEDL is to design
a finite-volume form for the photon propagator, S$;L";# , and
calculate the hadronic correlation function in a finite
volume in the presence of finite-volume QED using S$;L";# .
Unfortunately, it results in power-law suppressed finite-
volume effects in the mass extracted from the finite-volume
hadronic correlation function. For the QED! approach, one
may begin with the infinite-volume formula in Eq. (1) to
extract the QED self-energy but then limit the range of the

integral and replace H";#"x# with a finite-volume version.
However, as we will explain later, the result still suffers
from power-law finite-volume effects.
To completely solve the problem, we develop a method

as follows. We choose a time ts (ts ! L) that is sufficiently
large that the intermediate hadronic states between the two
currents are dominated by single hadron states since all of
the other states (resonance states, multihadron states, etc.)
are exponentially suppressed by ts:

I ! I "s# & I "l#;

I "s# ! 1

2

Z
ts

"ts
dt

Z
d3 !xH";#"x#S$";#"x#;

I "l# !
Z

!

ts
dt

Z
d3 !xH";#"x#S$";#"x#: "3#

We propose approximating I "s# and I "l# using the lattice
QCD calculable expressions I "s;L# and I "l;L#,

I "s# # I "s;L# ! 1

2

Z
ts

"ts
dt

Z
L=2

"L=2
d3 !xHL

";#"x#S
$
";#"x#;

I "l# # I "l;L# !
Z

L=2

"L=2
d3 !xHL

";#"ts; !x#L";#"ts; !x#; "4#

where L"#"ts; !x# is a QED weighting function, defined as

L";#"ts; !x# !
Z

d3p
"2%#3

ei !p· !x
Z

!

ts
dte""E !p"M#"t"ts#

!
Z

d3 !x0e"i !p· !x
0
S$";#"t; !x0#: "5#

Here the energy E !p is given by the dispersion relation

E !p !
!!!!!!!!!!!!!!!!!!
M2 & !p2

p
. The integral in L";#"ts; !x# can be calcu-

lated in infinite volume (semi)analytically. In Sec. IV,
detailed expressions for L";#"ts; !x# are given for both
Feynman- and Coulomb-gauge photon propagators.
The finite-volume hadronic part HL

";#"x# is defined
through finite-volume lattice correlators (assuming that
t $ 0):

HL
";#"t; !x# ! L3

hN"t& !T#J""t; !x#J#"0#N̄""!T#iL
hN"t& !T#N̄""!T#iL

; "6#

where N̄"t#=N"t# is an interpolating operator which cre-
ates/annihilates the zero momentum hadron state N at time
t, !T is the separation between the source and current
operators, which needs only to be large enough to suppress
the excited-state effects. The disconnected diagrams,
where the vector currents attach to the quark loops instead
of the quark lines connected to the interpolating operator
of the hadron, should be included in the above matrix
elements. Neglecting the disconnected diagrams in theFIG. 1. Self-energy diagram.
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• Naïve treatment: long-distance part has power-law FVE
• Break up time integral for loop into short and long distance pieces (ts)
• If excited states suppressed: QCD in finite volume, QED treated infinite volume
• FVE are exponentially suppressed, not power-law

effects. We calculate with L=a ! 6; 8;…; 96. The infinite-
volume value is approximated by the L=a ! 96
(L ! 19 fm) calculation. The finite-volume corrections
on the QED self-energy are plotted in Fig. 2. As denoted
in the plot, we always use ts ! L=2, mimicking the
situation in a real lattice QCD calculation where large
ts is needed to suppress the excited-state effects.
We also plot the ts dependence for two specific volumes,

L=a ! 24, 32, in Fig. 3. It should be noted that ts ! L is
required to guarantee the small exponentially suppressed
finite-volume effects. Taking the ts ! " limit will intro-
duce new power-law suppressed finite-volume effects.
Finally, as we have studied the exponentially suppressed

finite-volume effects using scalar QED, we can make the
corresponding correction to lattice results from infinite-
volume reconstruction if necessary. Such a correction has

been applied to our recent calculation on the !# ! !"ee
transition [27].

APPENDIX B: POSSIBLE STRATEGY FOR
LATTICE QCD CALCULATIONS AND

COST ESTIMATION

In lattice calculations, there are two popular computa-
tional strategies to include QED effects.
(a) QCD" QED: Generate QCD" QED ensembles (fully

dynamical or quenched QED), and perform the lattice
calculation in the presence of both QCD and QED
gauge fields. This method is usually referred to as the
nonperturbative method, as both the QCD and QED
effects are included to all orders. This strategy was
used in the very early era of including QED in lattice
QCD calculations [1,2].

(b) Perturbative: Express the QED effects perturbatively
in terms of the photon propagator and the hadronic
matrix elements. The hadronic matrix elements shall
be calculated on pure QCD ensembles. The final
results are obtained by integrating over the QED
photon quark vertex locations, possibly with some
stochastic integration techniques. This strategy allows
various ways to calculate the hadronic matrix elements
and perform the integrations. For example, in Ref. [6],
the leading QED and strong isospin-breaking effects
on the lattice are studied following a perturbative
strategy.

There is no sharp boundary between the two strategies
in the quenched QED calculations at leading order in
"QED. In particular, the QCD" quenched QED calcula-
tion is effectively identical to a perturbative approach
where the quenched QED fields are used for the stochastic
method to include the photon propagators [8]. The two
strategies differ on how unquenched QED effects are
included in the calculation. In the QED" QCD simula-
tion, the unquenched QED effects are included in the
distribution of the QCD and QED gauge configurations,
which are generated by a Markov chain process. In the
perturbative approach, these unquenched QED effects are
described by the contributions of disconnected diagrams
The cost comparison between the two strategies for the
unquenched QED effects is not clear.
The IVR method introduced in this paper fits naturally

within the perturbative strategy, as we explicitly work with
the QED corrections of masses and express the correction
in terms of integration of the hadronic matrix elements
which can be calculated with Eq. (6).
However, it should be noted that for both the IVR

method and QEDL, at leading order, the mass shift can be
expressed as an integral of the following form:

!M ! 1

2

Z
d4xH#;$#x$W#;$#x$: #B1$

FIG. 2. Exponential dependence of the finite-volume (FV)
error.

FIG. 3. Fixing L ! 4.7 and 6.3 fm, we display the finite-
volume correction to QED self-energy as a function of ts.
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Infinite volume reconstruction: pion mass splitting

24

effects. Upon its development, this method has been
successfully applied and extended to various electroweak
processes involving photon or massless leptonic propaga-
tors [18,29–32]. This is the first time that we apply this
methodology to the calculation of the pion mass splitting.
The calculation includes the complete diagrams with both
connected and disconnected quark-field contractions. We
employ two gauge fixings for the photon propagator and
confirm that the lattice results are consistent in the continuum
limit. We utilize the random field sparsening technique
proposed in Ref. [33], which allows us to improve the
precision of the correlation functions significantly with only
a modest cost of computational resources. By using five
gauge ensembles generated with Nf ! 2" 1 domain wall
fermions at physical pion mass and one additional ensemble
at m! ! 340 MeV, we obtain the pion mass splitting with a
percent-level uncertainty, which is about 5–10 times smaller
than previous lattice QCD calculations [5,7,9,34,35]. (See
Table I. References [34,35] present the pioneering quenched
calculations, and thus the results are not included in Table I.)
For the first time in the literature, we have clearly resolved
and included the contribution from the quark disconnected
diagram to the pion mass splitting [see Eq. (17) and the
diagram below that equation]. This diagram is related to the
!0 " " " "0 mixing and has also been calculated in Ref. [36].
Infinite-volume reconstruction method.—The hadron

mass extraction relies on the calculation of the hadron
QED self-energy for a stable hadronic state N via the
following infinite-volume Euclidean space-time integral:

!M ! I ! 1

2

Z
d4xH#;$#x$S%#;$#x$; #1$

where the hadronic part H#;$#x$ ! H#;$#t; !x$ is given by

H#;$#x$ !
1

2M
hN# !0$jT%J##x$J$#0$&jN# !0$i; #2$

where jN# !p$i indicates a hadronic stateN with massM and
spatial momentum !p, J# ! 2eū%#u=3" ed̄%#d=3" es̄%#s=3
is the electromagnetic current, and S%#;$ is the photon
propagator whose form is analytically known. In
Ref. [28], we introduced the IVR method to relate the
infinite-volume integration of infinite-volume hadronic

matrix elements H#;$ to a finite lattice volume integration
of finite-volume matrix elements HL

#;$ with only exponen-
tially suppressed finite-volume errors. This is accomplished
with the following three steps:
(1) We pick ts to separate the infinite-volume integral

into two parts,

I ! I #s$ " I #l$; #3$

where I #s$ and I #l$ are the “short distance” (jxtj < ts) and
“long distance” (jxtj # ts) contributions, respectively. (2)
For sufficiently large ts, I #l$ is dominated by the lightest
single particle intermediate states and can be calculated
using the hadronic matrix elements at fixed time separation
ts. The excited-state effects ignored in this step are
exponentially suppressed by large ts. (3) The next step
is to approximate H#;$ using HL

#;$ and restrict the integra-
tion region to the finite lattice volume. This step only
introduces exponentially suppressed finite-volume errors
since we only need to use HL

#;$#x$ for jxtj $ ts ! L.
The final formula obtained in Ref. [28] is expressed in

terms of lattice-calculable quantities,

I #s$ ! I #s;L$ ! 1

2

Z
ts

"ts
dt

Z
L=2

"L=2
d3 !xHL

#;$# !x$S%#;$# !x$; #4$

I #l$ ! I #l;L$ !
Z

L=2

"L=2
d3 !xHL

#;$#ts; !x$L#;$#ts; !x$; #5$

where L#$#ts; !x$ is an infinite-volume QED weighting
function, defined as

L#;$#ts; !x$ !
Z

d3p
#2!$3

ei !p· !x
Z

%

ts
dte"#E !p"M$#t"ts$: #6$

In this Letter, we use ts ! L=2 for our final result to ensure
both the excited states and finite-volume errors introduced
in steps 2 and 3 described above are exponentially sup-
pressed as we increase the lattice size L.
Gauge-specific expressions: We also present the relevant

expressions for the photon propagator S%#;$#x$ and QED
weighting function L#;$#ts; !x$ in Feynman and Coulomb
gauges,

S%;Feyn#;$ #x$ ! &#;$

Z
d4p
#2!$4

eipx

p2
!

&#;$
4!2x2

; #7$

LFeyn
#;$ #ts; !x$ !

&#;$
2!2

Z
%

0
dp

sin#pj !xj$
2#p" Ep "M$j !xj

e"pts ; #8$

S%;Coul#;$ #xt; !x$ !
&#;t&$;t
4!j !xj

&#xt$ "
#1 " &#;t$#1 " &$;t$

2#2!$3

!
Z !

&#;$ "
p#p$

!p2

"
e"j !pjxt"i !p· !x

j !pj
d3p #9$

TABLE I. Previous lattice calculations of m!' "m!0 are
compared to this Letter. Note m!' is the charged pion mass
m!0 is the neutral pion mass

Reference m!' "m!0 (MeV)

RM123 2013 [5] 5.33#48$stat#59$sys
a

R. Horsley et al. 2016 [7] 4.60#20$stat
RM123 2017 [9] 4.21#23$stat#13$sys
This Letter 4.534#42$stat#43$sys
aConverted from m2

!' "m2
!0 ! 1.44#13$#16$ ! 103 MeV2.
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absent [37,42]. We choose to include an O!a2" term to
account for the lattice artifact. We also include a naive
pion mass dependence term in this extrapolation formula to
accommodate the small pion mass difference in the I-DSDR
ensembles. This pion mass dependence term does not effect
our main result, which is taken from the continuum extrapo-
lation of the Iwasaki ensembles exactly at the physical pion
mass. The extrapolation results of the Iwasaki 48I and 64I
ensembles are shown in Fig. 2, where separate fits were
conducted for Feynman and Coulomb gauges.
To estimate the discretization systematic error for the

fitted value of !m!!0; m!;phys", we perform two slightly
different fits by (1) using the same fitting formula Eq. (22),
but excluding the contribution from x # 0 for all ensem-
bles. and (2) using a different fitting formula, which
includes an additional O!a4" term,

m!!m!!a2; m!" # m!;phys!m!!0; m!;phys"
! $1% c1a2 % c1jc1ja4

% c2!m!
2 !m2

!;phys"&; !23"

where the magnitude of theO!a4" term is assumed to equal
to the square of the O!a2" term as an estimate of the
remaining systematic effects.
We obtain the differences between the results of the

above fits and the original fits. The maximum of the two
differences is used as the estimation of the remaining
discretization systematic error.
After continuum extrapolation, we use the differences

between 32D and 24D to correct the finite-volume effects.
The absolute size of the correction is used as the estimation
of the remaining finite-volume systematic error. The
continuum extrapolated, finite-volume corrected results
are shown in Tables IV and V. The discretization and
finite-volume systematic errors are combined in quadrature.
As expected, the continuum extrapolations from the
I-DSDR ensembles (Table V) have larger discretization
systematic errors due to larger lattice spacings. Therefore,
we use the continuum extrapolation from the Iwasaki
ensembles (Table IV) as our main results.
As a byproduct of the calculation, we plot the Coulomb

potential contribution as a function of spatial separation at

FIG. 2. Feynman and Coulomb gauge mass shifts are shown as
a function of a2 for the Iwasaki ensembles 48I and 64I.

TABLE IV. The continuum results from the two Iwasaki
ensembles 48I and 64I. Finite-volume corrections calculated
with the difference of the 32D and 24D ensembles are already
included. The second column and third column show the quark
disconnected (Disc) and connected (Conn) diagrams’ contribu-
tions, respectively. The bottom row shows the Coulomb potential
contribution. The statistical and systematic errors are shown,
respectively, in the first and second set of parentheses.

Disc (MeV) Conn (MeV) Total (MeV)

Feyn 0.051(9)(22) 4.483(40)(28) 4.534(42)(43)
Coul 0.052(2)(13) 4.508(46)(42) 4.560(46)(41)
Coul-t 0.018(1)(4) 1.840(22)(39) 1.858(22)(41)

TABLE V. Similar to Table IV but extrapolated to the con-
tinuum limit with the coarser I-DSDR ensembles 24D, 32Dfine,
and 24DH.

Disc (MeV) Conn (MeV) Total (MeV)

Feyn 0.035(12)(21) 4.671(49)(99) 4.706(50)(106)
Coul 0.050(3)(13) 4.703(57)(158) 4.753(58)(160)
Coul-t 0.016(2)(4) 1.931(32)(157) 1.947(32)(160)

FIG. 3. The Coulomb potential contribution to the pion mass
difference. The curve is the partial sum, IC!x" # 1

2

R
dt!R

j !yj"x d
3 !yHL

t;t!t; !y"S"t;t!t; !y". Error bars are statistical only. We
use the results from the 48I and 64I ensembles to obtain the
continuum limit and include the finite-volume corrections from
the 32D and 24D difference.
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the isospin breaking due to the up and down quark mass
difference and the QED effects described above contribute
to the pion mass difference. For many hadronic observ-
ables, the corrections due to the up and down quark mass
difference are at the same order as the QED corrections.
Therefore, we treat O!"md !mu#=!QCD$ corrections to be
of the same perturbative order as corrections of order
O"!QED#. For pion mass splitting, the O!"md!mu#=!QCD$
effect is zero [5]. Therefore, to order O"!QED; "md !mu#=
!QCD#, the two diagrams discussed above represent the only
contributions to the pion mass splitting.
Numerical results.—Calculation of the hadronic function

HL
"#"x# was performed on six ensembles generated by the

RBC and UKQCD Collaborations. The names and attrib-
utes of the ensembles are shown in Table II. The properties
of these ensembles are studied in detail in Ref. [37]. In
particular, the lattice spacing and other basic parameters of
the ensemble are determined by matching the lattice
calculation of the masses of pion, kaon, and the " baryon
to their experimental values. We use all-modes averaging
[38,39], zMöbius [40], and compressed eigenvector defla-
tion [41] methods to accelerate the calculation of the pro-
pagators. Figure 1 shows the mass shift #m$ !m$% !m$0

as a function of ts in the Feynman and Coulomb gauges for
the 24D and 32D ensembles. It can be seen from the
plots that the finite-volume effects are very small, as the
differences between 24D and 32D are barely visible. Also,
for ts " 1.5 fm, the final results have a very mild depend-
ence on ts, suggesting the excited states contribution
beyond ts, which is exponentially suppressed and ignored
in the IVR method, is indeed quite small. In the following
analysis, we stick to

ts & L=2: "21#

With this choice, the finite-volume effects at fixed ts and
the excited intermediate states’ contribution beyond ts
are both exponentially suppressed by the spatial lattice
size L, and we will refer to the sum of these two effects
as the finite-volume effects in the following analysis.
In Feynman gauge, the difference between 32D and
24D is !0.035"16# MeV. This is consistent with a scalar
QED calculation, which yields !0.022 MeV [28]. In
Coulomb gauge, the difference between 32D and 24D is
0.002(17) MeV.
The results for each ensemble are presented in Table III.

In the table, we also show the Coulomb potential con-
tribution to the pion mass difference. This contribution
comes from the time component of the Coulomb gauge
photon propagator S%;Coult;t in Eq. (10).
Extrapolation to the physical point.—We perform

the continuum extrapolation for the Iwasaki ensembles
(48I and 64I) and the Iwasaki-DSDR (I-DSDR) ensembles
24D, 32Dfine, and 24DH separately using the following
formula (m$;phys & 135 MeV):

m$#m$"a2; m$# & m$;phys#m$"0; m$;phys#
! !1% c1a2 % c2"m$

2 !m2
$;phys#$: "22#

When using domain wall fermions in lattice calculations,
lattice artifacts, which scale as O"a# or O"a2n%1#, are

FIG. 1. The pion mass shift calculated using the 24D and 32D
ensembles is shown as a function of ts for (top) Feynman gauge
and (bottom) Coulomb gauge.

TABLE III. Contributions to the pion mass shift are shown by
ensemble. The fourth column displays the Coulomb potential
contribution. The statistical uncertainty is shown in parenthesis.

Feyn (MeV) Coul (MeV) Coul-t (MeV)

48I 4.283(21) 4.375(25) 1.884(13)
64I 4.415(14) 4.459(15) 1.875(6)
24D 3.632(10) 3.823(12) 1.872(6)
32D 3.598(12) 3.825(13) 1.866(7)
32Dfine 4.002(18) 4.109(21) 1.863(12)
24DH 2.406(37) 2.509(12) 1.498(8)
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!";t!#;t
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!";#

"
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pj !xj
$ 3 sin"pj !xj#

p2j !xj2

#$
dp;

"10#

LCoul
";# "ts; !x# ! 0: "11#

At the origin (x ! 0), the continuum photon propagator is
divergent. In our lattice calculation, we regularize this
divergence with the following choice:

S%;Feyn";# "0# ! !";#
1

a8

Z
a

!a
dx

Z
a

!a
dy

Z
a

!a
dz

Z
a

!a
dt

!
"a ! jxj#"a ! jyj#"a ! jzj#"a ! jtj#

4$2"x2 $ y2 $ z2 $ t2#
"12#

! !";# 2.76963="4$2a2#; "13#

S%;Coult;t "0# ! 1

a7

Z
a

!a
dx

Z
a

!a
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Z
a

!a
dz

!
"a ! jxj#"a ! jyj#"a ! jzj#

4$
%%%%%%%%%%%%%%%%%%%%%%%%%
x2 $ y2 $ z2

p "14#

! 5.63371="4$a2#: "15#

Relevant diagrams.—Contributions to the charged and
neutral QED pion mass splitting are derived from the
following hadronic matrix element:

H%;0
";# "x# !

1

2M$
h$%;0" !0#jT&J""x#J#"0#'j$%;0" !0#i; "16#

where $" !0# represents a pion with zero momentum. Only
two contractions contribute to this matrix element [5]. One
yields (where S represents the light quark propagator)

C1
";#"x ! y# ! hTr"S"x; tsrc#%5S"tsrc; x#%"#

! Tr"S"y; tsnk#%5S"tsnk; y#%##iQCD; "17#

which is related to the following quark disconnected
diagram:

The other possible contraction yields (up to the insertion
of a photon propagator)

C2
";#"x ! y# ! hTr"%"S"x; tsrc#%5S"tsrc; y#

! %#S"y; tsnk#%5S"tsnk; x##iQCD; "18#

which is represented by the following quark connected
diagram:

To ensure projection onto the pion state, we fix the time
separation between the pion interpolating operators and the
closest electromagnetic current operators to be tsep ! tsnk !
xt ! yt ! tsrc for both diagrams (assuming xt # yt). The
values of tsep for each ensemble are listed in Table II.
Coulomb gauge fixed wall source is used for the pion
interpolating operators. Combining these diagrams yields
the hadronic contribution to the mass shift, which is
represented by

H%
";#"x#!H0

";#"x#

!L3Z
2
Ve

2

2

C1
";#"x#$C1

#;""!x#!C2
";#"x#!C2

#;""!x#
CAW
$ "jxtj$2tsep#

; "19#

where

CAW
$ "t$ 2tsep# ! C$"2tsep#e!M$ t

! "1 ! e!M$"T!4tsep##;
C$"t2 ! t1# ! hTr"S"t2; t1##%5S"t1; t2#%5#iQCD: "20#

Local lattice vector current operators are used in the
contraction, and the corresponding renormalization factor
ZV is included in the above formula. We have taken the
around the world effects into account when calculating
the pion correlation function in Eq. (20). In principle, both

TABLE II. List of the ensembles used in the calculations and
their properties. They are generated by the RBC and UKQCD
Collaborations [37]. Note we use a partially quenched quark mass
for 48I and 64I ensembles. The unitary pion mass for both 48I
and 64I ensembles is 139 MeV. We use unitary quark masses for
all the other ensembles.

Volume a!1 (GeV) L (fm) M$ (MeV) tsep (a)

48I 483 ! 96 1.730(4) 5.5 135 12
64I 643 ! 128 2.359(7) 5.4 135 18
24D 243 ! 64 1.0158(40) 4.7 142 8
32D 323 ! 64 1.0158(40) 6.2 142 8
32Dfine 323 ! 64 1.378(7) 4.6 144 10
24DH 243 ! 64 1.0158(40) 4.7 341 8
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of a photon propagator)
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which is represented by the following quark connected
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To ensure projection onto the pion state, we fix the time
separation between the pion interpolating operators and the
closest electromagnetic current operators to be tsep ! tsnk !
xt ! yt ! tsrc for both diagrams (assuming xt # yt). The
values of tsep for each ensemble are listed in Table II.
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ZV is included in the above formula. We have taken the
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the pion correlation function in Eq. (20). In principle, both
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their properties. They are generated by the RBC and UKQCD
Collaborations [37]. Note we use a partially quenched quark mass
for 48I and 64I ensembles. The unitary pion mass for both 48I
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We use the infinite volume reconstruction method to calculate the charged and neutral pion mass
difference. The hadronic tensor is calculated using lattice QCD and then combined with an analytic photon
propagator, and the mass splitting is calculated with exponentially suppressed finite-volume errors. The
calculation is performed using six gauge ensembles generated with 2! 1-flavor domain wall fermions, and
five ensembles are at the physical pion mass. Both Feynman and Coulomb gauges are adopted in the
calculation and agree well when the lattice spacing approaches zero. After performing the continuum
extrapolation and examining the residual finite-volume effects, we obtain the pion mass splitting
!m! " 4.534#42$stat#43$sys MeV, which agrees well with experimental measurements.

DOI: 10.1103/PhysRevLett.128.052003

Introduction.—One of the central goals in high energy
physics is understanding the nature of the matter that we
observe in the Universe. As one of the four known funda-
mental interactions, the strong interaction binds together
quarks and gluons into hadrons and most of the hadron mass
arises in turn from the binding energy; the individual quarks
provide only a very small portion of the mass. Precision
calculation based on the lattice formulation of quantum
chromodynamics (QCD), the theory of the strong interaction,
can manifest its success by computing the various hadron
spectra, which agree well with experimental measurements
[1]. When the precision reaches percent or subpercent level,
another fundamental force, electromagnetic interaction, is
urged to be considered in theoretical calculations, although
its effects are suppressed by a factor of the fine-structure
constant "EM ! 1=137. Inclusion of the electromagnetic
corrections does not only provide precise hadron spectros-
copy [2–12], but also plays an important role in studies of
leptonic and semileptonic decays of hadrons [13–19], which
dramatically expands the horizon of lattice QCD studies.
Among various hadrons, pions play a unique role in the

development of theoretical particle and nuclear physics.
Pions were first proposed by Yukawa in 1935 as the carrier
particles of the strong nuclear force [20]. As Nambu-
Goldstone bosons [21,22], pions result from the spontaneous

breakdown of chiral symmetries of QCD effected by quark
condensation and serve as the active degrees of freedom
sensitive to chiral dynamics [23–25]. Additionally, the
anomalous decay rate of the neutral pion led to the discovery
of Adler-Bell-Jackiw anomaly of quantum electrodynamics
(QED) [26,27], which revealed for the first time the violation
of classical symmetry by quantum corrections. It can be
concluded that the thorough study of the nature of the pions is
a key to our better understanding of QCD and the strong
interaction. In this Letter, we focus on the study of the mass
splitting between the charged and neutral pions, which
represents the interplay between two fundamental inter-
actions, the strong and the electromagnetic. For two reasons,
the pion mass splitting is ideal for a lattice QCD calculation
and for an exploratory study of new methodology. First,
pions are the lightest hadrons and their correlation functions
have very good statistical signals. Second, the isospin
breaking effects of the up and down quark mass difference
are suppressed by a factor of #mu "md$2="2

QCD # 10"4 with
mu=d as the up and down quark mass and "QCD ! 350 MeV
as the nonperturbative QCD scale, leaving the electromag-
netic effects as the leading contribution to the pion mass
splitting. Thus, the ambiguity in separating the isospin
breaking effects from the electromagnetic interaction and
the quark mass difference becomes irrelevant in this study.
One can simply perform the lattice QCD calculation in the
isospin symmetric limit and compute the four-point corre-
lation functions for the QED self-energy diagrams.
In practice we adopt the infinite-volume reconstruction

(IVR) method proposed in Ref. [28], which allows us to
calculate electromagnetic corrections to stable hadron
masses with only exponentially suppressed finite-volume
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• 5x error reduction
• Pion, kaon leptonic 

decays soon



Outlook

ü1st row CKM unitarity interesting, needs further 
attention from lattice community

üImprovement of lattice calculations of  !"!# , $% 0
from 0.2% precision → sub 0.1 % seems doable

üTreatment of EM effects important at this level of 
precision, encouraging progress in several directions

25



Four-point contractions

We must evaluate the four-point correlation functions h0|T{ 0(C 5 )�, (C2)�, (C1) 0(C8)}|0i

by performing Wick contractions between the operators. There are four types of topology for the

contractions between the current-current operators and meson operators as shown in Figure 3.4.

In addition to these diagrams, there are also diagrams which contain contractions between the

lower dimensional operators B3, BW53 and the current-current operators &8, as shown in Figure

3.5. Because these diagrams have similar topologies to those of the type-3 and type-4 diagrams,

we assign them to the category of type-3 and type-4 diagrams when we separate and evaluate the

contributions from the different types of diagrams to �< .

Figure 3.4: Four types of contractions in the 4-point correlators with &1 and &2. All the in-
ternal loops have the (u-c)(u-c) flavor structure because of the GIM mechanism.The single dots
correspond to the  0 and  

0
operators while the paired dots correspond to the weak four-quark

operator.

For the inner propagators, because of GIM mechanism, we will have the (u-c)(u-c) flavor struc-

ture, which can be deduced from the operators in Equation 3.20. Because of the GIM mechanism,

we can combine groups of four-point diagrams X , to realize a (u-c)(u-c) flavor structure for all

internal quark lines with a common factor cos\2sin\2:

X
⌧�"

= cos\2sin\2 X
(D�2) (D�2)

. (3.25)

21

KL-KS mass difference DmK
(Bigeng Wang, RBC-UKQCD)
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• Exp: 3.482(6) × 10-12 MeV
• 1000 TeV reach
• Lattice: 5.8(0.6)stat(2.3)sys10-12 MeV
• Single lattice, a-1=2.36 GeV 
• Lattice: 10% stat errors, 1% in 10 yrs
• 40% non-zero lattice spacing

error biggest hurdle (unexpected)
• c-quark important (GIM)
• Dynamical charm, small a: exascale

resources needed (coming soon)
• 5% precision goal by 2026

(a) (b)

(c)

Figure 5.15: The single-integrated correlators with two &� operators plotted as a function of <⇡

on the 24I ensemble (a) and on the 32I ensemble (b). Their ratio is plotted as a function of <⇡ in
(c).

95

RF2 Snowmass  - 5/17/2022

K0 ± K0  Mixing

� CP violating: p ~ mt

� CP conserving: p d mc

(18)

Compute ~6% LD, reduce uncertainty to 1%

(N. Christ)



Indirect CP violation and e
• sub-% precision: need ~6 % long-distance contributions

• Closely related to mixing matrix for DmK

• Added complication: log divergence, needs non-perturb. 
Renormalization

• Subtraction of divergence induces new 4-quark operator with 
low-energy constant computable in QCD PT

• Similar systematics / goals as for DmK

27



K+ → "#$$̅ decays [RBC/UKQCD 2016-2019]

• Highly suppressed, good BSM probe

• E949, 2x SM, 60-70% uncertainty

• NA68 10% precision goal

• Theory clean, but long-distance (LD)    
effects 5-10%

• Developed method for LD effects, 
completed pilot lattice calculations  

• Physical kinematics calculation      
underway on a-1=2.7 GeV lattice with
30% target precision
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statement we parametrize the s-dependence of P!Z"
c !s" by

the linear function

P!Z"
c !s" # P!Z"

c !0" $ b!Z"s
s
m2

K
!4"

and find b!Z"s # !!1.8% 9.7" ! 10!3 from a correlated fit.
For theW-W diagrams, we calculate the scalar amplitude

FWW for the momentum pairs (s;!) given in Eq. (2). This
scalar amplitude is divided into two parts corresponding to
the different contractions labeled as Type 1 and Type 2 in
Fig. 3. The W-W diagrams contain charged-lepton propa-
gators and therefore in Table II we present the contributions
to FWW from each of three lepton flavors, l # e, !, ",
separately.
Combining the contributions from Type 1 and Type 2

diagrams and from the three lepton flavors, we obtain the
results for FWW. In the upper panel of Fig. 4, we show the s
and ! dependence of FWW!s;!". In the lower panel, we
present the results for P!WW"

c !s;!", which is obtained from
FWW using

P!WW"
c !s;!" # #2

$4M2
W

FWW!s;!"
2f$!s"

: !5"

We parametrize the momentum dependence of P!WW"
c !s;!"

using the linear function

P!WW"
c !s;!"#P!WW"

c !0;0"$b!WW"
s

s
m2

K
$b!WW"

!
!
m2

K
!6"

and from the correlated fit to the lattice data, we find
b!WW"
s #!!1.8%0.9"!10!2 and b!WW"

! #!!4.1%0.7"!10!3.
As estimated in Ref. [24], using the linear parametriza-

tion of Pc!s;!", the branching ratio of K$ ! #$%%̄ is
proportional to

Br!K$ ! #$%%̄" " 1$ 0.071b2! $ 0.202bs; !7"

where b! # b!WW"
! and bs # b!Z"s $ b!WW"

s . Using our
determination of b! and bs as input, the s- and !-
dependence of P!WW"

c !s;!" only affects the branching ratio
at the negligible subpercent level.
The observation that the momentum dependence is so

mild provides a useful guide for our future lattice compu-
tations of the K$ ! #$%%̄ decay amplitude. To perform the
calculation at physical kinematics is very challenging: on
the one hand one needs a large volume in order to
accommodate a pion with a mass of about 140 MeV and
on the other hand one needs a fine lattice to avoid lattice
artifacts from the physical mass of the charm quark. We
would require very significant computational resources in
order to perform the calculations for a wide range of values
of (s;!). The study reported here suggests that the s- and
!-dependence of the scalar amplitude has only a minimal
effect on the branching ratio. Thus even computing the
K$ ! #$%%̄ decay amplitude at a single kinematic point
(s;!), we can obtain a good estimate of the LD contribu-
tion to the decay rate.

FIG. 3. Quark and lepton contractions for the W-W diagrams.

TABLE II. Lattice results for the scalar amplitude FWW!s;!" from the W-W diagrams. We also show the results from the lowest
intermediate states for each type of diagram. All the results are presented in lattice units.

(s;!) FWW Type 1 jl$%i & jK$#$l!%̄i Type 2 j#0l$%i

(0,0) e !2.092!50" ! 10!2 !2.238!6" ! 10!2 1.221!38" ! 10!1 Helicity suppression
! !2.374!47" ! 10!2 !2.437!7" ! 10!2 1.195!38" ! 10!1 !0.504!3" ! 10!3

" 0.820!79" ! 10!3 1.009!6" ! 10!3 3.86!14" ! 10!2 7.51!4" ! 10!5

!0;!max=2" e !2.122!47" ! 10!2 !2.238!6" ! 10!2 1.199!38" ! 10!1 Helicity suppression
! !2.528!38" ! 10!2 !2.586!7" ! 10!2 1.185!37" ! 10!1 0.505!8" ! 10!3

" 0.455!77" ! 10!3 0.603!2" ! 10!3 3.84!14" ! 10!2 6.93!3" ! 10!5

!smax=2; 0" e !2.048!65" ! 10!2 !2.238!6" ! 10!2 1.225!43" ! 10!1 & & &
! !2.393!59" ! 10!2 !2.489!7" ! 10!2 1.190!43" ! 10!1 Helicity suppression
" 0.535!92" ! 10!3 0.811!2" ! 10!3 3.93!16" ! 10!2 7.43!3" ! 10!5

!smax=3;!max=3" e !2.103!55" ! 10!2 !2.238!6" ! 10!2 1.169!42" ! 10!1 Helicity suppression
! !2.525!48" ! 10!2 !2.583!7" ! 10!2 1.155!41" ! 10!1 0.534!6" ! 10!3

" 0.354!87" ! 10!3 0.608!2" ! 10!3 3.74!15" ! 10!2 7.06!3" ! 10!5
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use periodic boundary conditions. With twisted boundary
conditions for the valence down quark, the neutrinos carry
momenta which are not integer multiples of 2!=L, and such
momenta cannot be transferred by the gluons which satisfy
periodic boundary conditions (see Fig. 1). From the results
in Table I we conclude that the disconnected diagrams
make only a small contribution to FZ

0 !smax" and since we
expect FZ

#!s" ! FZ
0 !s" and have found the momentum

dependence of F#!s" to be very mild (see Fig. 2 and
the discussion below), this suggests that the contribution of
the disconnected diagrams to the K# ! !#""̄ decay
amplitude is much less than 1%.
The momentum dependence of the form factors is

plotted in Fig. 2. In the upper panel, we show the form
factor f#!s" for the K# ! !0l#" (Kl3) decay. In the
middle panel, we present FZ

#!s" as a function of s=m2
K .

Finally, in the lower panel FZ
#!s" is normalized to convert it

into the conventional phenomenological quantity P!Z"
c

defined as [see Eq. (88) in Ref. [24] ]

P!Z"
c !s"! !2

#4M2
W

FZ
#!s"

f#!s"
: !3"

Here we use a superscript (Z) to indicate that this is the
contribution from the Z-exchange diagrams. In order to
obtain the full contribution of the Z-exchange diagrams
to FZ

#!s", we need to subtract the short-distance counter-
term from Clat

1 Q1 # Clat
2 Q2, the combination given in the

last column of Table I, following the procedure described
in detail in Refs. [17,24]. This short-distance contribution
to FZ

#!s", which is difficult to compute on such a coarse
lattice, is proportional to f#!s" and hence appears as a
constant term in P!Z"

c !s". Since the focus of this paper is
to explore the s-dependence of P!Z"

c !s", we do not
attempt to perform this subtraction. From the bottom
panel in Fig. 2, we conclude that the momentum
dependence of P!Z"

c is very mild, and cannot be resolved
within the precision of our calculation. To quantify this

FIG. 1. Disconnected Z-exchange diagrams. Such diagrams cannot be evaluated with the twisted boundary conditions for the valence
d̄ antiquark which are used for the evaluation of F#;";0!s" at s $ 0, smax=3 and smax=2.
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FIG. 2. From top to bottom: f#!s", FZ
#!s" and P!Z"

c !s" as functions of s.
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IV. CONTRIBUTION OF THE TWO-PION
INTERMEDIATE STATE

Two of the less familiar obstacles that must be overcome
when computing the K! ! !!""̄ decay amplitude using
lattice QCD are the potentially large finite-volume dis-
tortions of the two-pion intermediate state energy spectrum
at low energies and the unphysical terms which grow
exponentially as the Euclidean time separation between the

initial- and final-state interpolating operators is increased.
Such terms arise from intermediate two-pion states with
energy E!! below MK. In this section we discuss the
corrections that we make for these effects when s " smax.
Thus, for K! ! #!!!0$I"2 ! !!""̄ we need to study
contributions from the j!!!0i intermediate state with
I " 2. We first determine its energy. In the top panel of
Fig. 5 we show the ratio
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FIG. 4. FWW (top panel) and P#WW$
c (bottom panel) as functions of s and !.
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FIG. 5. The time dependence of each of the quantities indicated in the boxes.
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