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Standard parameterization of mixing, CPV
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Four recent measurements

Time-dependent  D0(t)® K+K-, p+p-
Aaij et al. (LHCb), Phys.Rev.D 104, 072010 (2021)
Aaij et al. (LHCb), arXiv:2202.09106 (2022)

Fit for yCP , AG

D0(t)® K0
S p+p- Dalitz plot analysis

Aaij et al. (LHCb), PRL 127, 111801 (2021)

Fit for xCP , yCP , Dx, Dy

Time-integrated D0(t)® K+K-, p+p-
Aaij et al. (LHCb), PRL 122, 211803 (2019)

Measure ACP (K+K-) - ACP (p+p -)  º   DACP  ≈ 2Adirect

Common features of analyses: 

a) flavor is tagged via D*-® D0p-slow
or D*+® D0p+

slow

b) dominant background is typically 
“random pslow” – include PDF for 
this in fits

c) decay time t calculated via

t =
!d · p̂
|!p|

×
(m

c

)
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Observables yCP and AG

Bergmann, Grossman, Ligeti, Nir, Petrov, PLB 486, 418 (2000)
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LHCb yCP with D0® K+K-, p +p -
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Nsig ≈ 70 x 106 

(purity = 98%)
Nsig ≈ 18 x 106 

(purity = 96%)
Nsig ≈ 6 x 106 

(purity = 95%)

Aaij et al. (LHCb), arXiv:2202.09106 (2022)

RKK(t) ≡
ND0→K+K−(t)

ND0→K−π+(t)
∝ e−Γ(yKK

CP −yKπ
CP ) t ×

ε(KK)

ε(Kπ)

[ and same for Rpp(t) ]

• ratio or event yields minimizes contributions from B decays
• events are re-weighted to get e(KK)/e(pp) close to unity 
• yCP

Kp is a very small correction as G(Kp) differs slightly from G
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LHCb D0® K+K-, p +p -
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CP = (0.657 ± 0.053 ± 0.016)%

⇒ yCP − yKπ
CP = (0.696 ± 0.026 ± 0.013)%

Aaij et al. (LHCb), arXiv:2202.09106 (2022)

yKπ
CP ≈

√
RD

(
x12 cosφ

M
2 sin δKπ + y12 cosφ

Γ
2 cos δKπ

)
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Measurements: yCP

-4 -3 -2 -1 0 1 2 3 4 5

yCP (%)

World average  0.719 ± 0.113 %

Belle 2020 (KSt)  0.960 ± 0.910 ± 0.643 %

LHCb 2019  0.570 ± 0.130 ± 0.090 %

Belle 2016 (K+K-//+/-)  1.110 ± 0.220 ± 0.090 %

BESIII 2015 -2.000 ± 1.300 ± 0.700 %

BaBar 2012  0.720 ± 0.180 ± 0.124 %

Belle 2009 (K+K-KS)  0.110 ± 0.610 ± 0.520 %

CLEO 2002 -1.200 ± 2.500 ± 1.400 %

FOCUS 2000  3.420 ± 1.390 ± 0.740 %

E791 1999  0.732 ± 2.890 ± 1.030 %

�����
����

+ LHCb 2022 
(0.696 + 0.029)%

(0.697 + 0.028)%
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LHCb AG with D0® K+K-, p +p -

Aaij et al. (LHCb), PRD 104, 072010 (2021)
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ACP (t) ≡

dN(D0 → f)

dt
−

dN(D 0 → f)

dt
dN(D0 → f)

dt
+

dN(D 0 → f)

dt

≈ adirect
f − AΓ

(
t

τD

)

control channel:

AΓ(K
+K−) = (2.3 ± 1.5 ± 0.3) × 10−4 AΓ(π

+π−) = (4.0 ± 2.8 ± 0.4) × 10−4

⇒ AΓ = (2.7 ± 1.3 ± 0.3) × 10−4 (6 fb−1)

AΓ = (1.0± 1.1 ± 0.3) × 10−4 (8.4 fb−1)
⇒ AΓ = (2.7 ± 1.3 ± 0.3) × 10−4 (6 fb−1)

AΓ = (1.0± 1.1 ± 0.3) × 10−4 (8.4 fb−1)Combining with other LHCb results (2011-2012 data, B-flavor tags): 
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Measurements: AG [D0(t)® K+K-/ p+p- ]

-0.2 -0.1 -0 0.1 0.2 0.3

 AK (%)

World average  0.009 ± 0.011 %

LHCb 2021 µ + D*+ tag  0.010 ± 0.011 ± 0.003 %

Belle 2016 -0.030 ± 0.200 ± 0.070 %

CDF 2014 KK+// -0.120 ± 0.120 %

BaBar 2012  0.088 ± 0.255 ± 0.058 %

�����
����

AΓ =
τD 0→K+K− − τD0→K+K−

τD 0→K+K− + τD0→K+K−

8.4 fb-1: 
PRD 104 072010 

(2021)
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LHCb D0(t)® K0S p +p - Aaij et al. (LHCb), PRL 127, 111801 (2021)

Analysis used “the bin-flip” method [Di Canto et al., PRD 99,  
012007 (2019)]:

• Fit the ratios of event yields as a function of decay time 
in 8-bin-pairs of the Dalitz plot

• For D0 decays, events in +b bins are ~CF, events in –b 
bins are ~DCS or mixed; hence ratios of event yields 
gives sensitivity to mixing. The opposite behavior hold 
for D0bar decays. Fitting both Dalitz distributions 
together gives sensitivity to CPV. For a bin-pair b, the 
ratios of events are:
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LHCb D0(t)® K0S p +p - Aaij et al. (LHCb), PRL 127, 111801 (2021)
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In practice, the fit is unstable when fitting for the product (q/p)z   ⇒ re-define fitted parameters:

zCP ≡
z

2

(
q

p
+

p

q

)

∆z ≡
z

2

(
q

p
−

p

q

)

⇒
(
q

p

)

z = zCP + ∆z

(
p

q

)

z = zCP − ∆z

This re-definition minimizes products of fitted parameters (fit is more stable, errors are 
Gaussian and better behaved) . Note that zCP and Dz have both real and imaginary parts: 
4 degrees of freedom
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LHCb D0(t)® K0S p +p - Aaij et al. (LHCb), PRL 127, 111801 (2021)
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4 degrees of freedom of zCP and Dz are parameterized as:
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LHCb results:
xCP = (0.397 ± 0.046 ± 0.029)%

yCP = (0.459 ± 0.120 ± 0.085)%

∆x = (−0.027 ± 0.018 ± 0.001)%

∆y = (0.020 ± 0.036 ± 0.013)%
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LHCb D0(t)® K0S p +p - Aaij et al. (LHCb), PRL 127, 111801 (2021)
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Heavy Flavor Averaging Group Global Fit

19 measured observables (blue)
10 fitted parameters (magenta):  x, y, d, dKpp , RD , AD, |q/p|, f [= Arg(q/p)], AK , Ap
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y′± = |q/p|±1 (y′ cosφ ∓ x′ sinφ)

Γ(D0→K+π−) + Γ(D 0→K−π+)

Γ(D0→K−π+) + Γ(D 0→K+π−)
= RD

Γ(D0→K+π−) − Γ(D 0→K−π+)

Γ(D0→K+π−) + Γ(D 0→K−π+)
= AD

2Aindirect
CP =

(
|q/p|+ |p/q|

)
x sinφ −

(
|q/p| − |p/q|

)
y cosφ

Γ(D0→K+K−) − Γ(D 0→K+K−)

Γ(D0→K+K−) + Γ(D 0→K+K−)
= AK +

〈t〉
τD

Aindirect
CP

Γ(D0→π+π−) − Γ(D 0→π+π−)

Γ(D0→π+π−) + Γ(D 0→π+π−)
= Aπ +

〈t〉
τD

Aindirect
CP

- 2 AG  
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Observables: D0(t)® KS p+p-
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Observables:
D0® K+p-

Observables: D0(t)® K+p-
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-0.2 -0.1 0 0.1 0.2 0.3 0.4 0.5

RM (%)

World average  0.013 ± 0.027 %

Belle 2008  0.013 ± 0.022 ± 0.020 %

BaBar 2007  0.004 + 0.070  % 0.004  - 0.060

CLEO 2005  0.160 ± 0.290 ± 0.290 %

E791 1996  0.110 + 0.300  % 0.110  - 0.270

�����
����

Observables: miscellaneous
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Fit Results: all CPV allowed

• Code written in Fortran (Fortran was convenient for this type of calculation)
• Fitter is MINUIT; FCN function calculates global c2 , where each measurement 

contributes according to:

⇒ most of the code is spent calculating error matrices and inverting
• world averages for yCP , AG , RM are calculated via separate COMBOS code
• all errors are calculated via MINOS• plotting routine is done separately in ROOT

Observable χ2
∑

χ2

yCP (K+K−,π+π−) World Average 0.44 0.44

AΓ World Average 0.13 0.57

xK0π+π− Belle 0.61 1.17

yK0π+π− Belle 5.09 6.27

|q/p|K0π+π− Belle 0.65 6.92

φK0π+π− Belle 0.68 7.60

xCP (K0π+π−) LHCb 3 fb−1 0.68 8.28

yCP (K0π+π−) LHCb 3 fb−1 0.03 8.31

∆x (K0π+π−) LHCb 3 fb−1 0.10 8.40

∆y (K0π+π−) LHCb 3 fb−1 0.03 8.44

xCP (K0π+π−) LHCb 5 fb−1 0.03 8.47

yCP (K0π+π−) LHCb 5 fb−1 2.23 10.70

∆x (K0π+π−) LHCb 5 fb−1 0.03 10.73

∆y (K0π+π−) LHCb 5 fb−1 −0.02 10.71

xK0h+h− Babar 0.82 11.53

yK0h+h− Babar 0.15 11.68

xπ0π+π− Babar 0.67 12.35

yπ0π+π− Babar 0.21 12.56

(x2 + y2)K+"−ν 0.13 12.70

xK+π−π0 Babar 6.89 19.59

yK+π−π0 Babar 3.62 23.21

CLEOc

(x/y/RD/ cos δ/ sin δ) 10.81 34.02

R+
D/x′2+/y′+ Babar 8.55 42.57

R−
D/x′2−/y′− Babar 4.35 46.91

R+
D/x′2+/y′+ Belle 1.88 48.79

R−
D/x′2−/y′− Belle 2.33 51.12

RD/x′2/y′ CDF 1.52 52.64

R+
D/x′2+/y′+ LHCb (D∗ tag) 0.90 53.54

R−
D/x′2−/y′− LHCb (D∗ tag) 0.33 53.87

R+
D/x′2+/y′+ LHCb (B tag) 0.64 54.51

R−
D/x′2−/y′− LHCb (B tag) 1.57 56.08

AKK/Aππ Babar 0.35 56.43

AKK/Aππ Belle 1.45 57.88

AKK/Aππ CDF 4.09 61.97

AKK −Aππ LHCb (D∗ +B0→D0µX tags) 0.08 62.05

(x2 + y2)K+π−π+π− LHCb 3.23 65.27

��������
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Fit Results: all CPV allowed

No mixing point (x,y) = (0,0): 
Δχ2 = 2671, excluded at ≫ 11.5σ

No CPV point (|q/p|, φ) = (1,0): 
Δχ2 = 5.815, consistent at 1.6σ 
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Fit Results: some history
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Fit Results: 1-d likelihoods (all CPV allowed)
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y = 0:
Dc2 = 1050

> 11.5s

(previous)(previous)

Dc2 = 3.84 
(95% CL)

x = 0:
Dc2 = 70.7

8.3s

x y dKp
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Fit Results: 1-d likelihoods (all CPV allowed)
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“Superweak” limit: no sub-leading phases
Given the 4 decay amplitudes

If no sub-leading or NP weak phases, the general decay amplitudes simplify:

Defining 3 new parameters 

One can derive 

Af(D
0 →f) Af̄(D

0 → f̄) Af(D
0 →f) Af̄(D

0 → f̄)

x12 ≡
2|M12|

Γ
y12 ≡

|Γ12|
Γ

φ12 ≡ Arg

(
M12

Γ12

)

x =
[
x2

12 − y2
12 +

√
(x2

12 + y2
12)

2 − 4x2
12y

2
12 sin2 φ12

]1/2

y =
[
y2

12 − x2
12 +

√
(x2

12 + y2
12)

2 − 4x2
12y

2
12 sin2 φ12

]1/2

∣∣∣∣∣
q

p

∣∣∣∣∣

4

=
x2

12 + y2
12 + 2x12y12 sin φ12

x2
12 + y2

12 − 2x12y12 sin φ12

tan 2φ =
− sin 2φ12

cos 2φ12 + (y12/x12)
2

NOTE: 
CPV in mixing |q/p|, and CPV 
due to interference (f) both 
depend on (x12 , y12 , f12) 

⇒ they can be related:

NOTE: 
no direct CPV in DCS 
decays

Kagan 
and 
Sokoloff, 
PRD80, 
076008 
(2009) Af = At

f e
iφt

f

[
1 + rfe

i(φf+δf )
]

→ At
f e

iφt
f

Af̄ = At
f̄ e

i(ϕt
f̄
+∆f̄ )

[
1 + rf̄e

i(ϕ
f̄
+δ

f̄
)
]

→ At
f̄ e

i(ϕt
f̄
+∆f̄ )

Af̄ = At
f e−iφt

f

[
1 + rfe

i(−φf+δf )
]

→ At
f e

−iφt
f

Af = At
f̄ e

i(−ϕt
f̄
+∆f̄ )

[
1 + rf̄e

i(−ϕ
f̄
+δ

f̄
)
]

→ At
f̄ e

i(−ϕt
f̄
+∆f̄ )

tan φ =

(

1 −
∣∣∣∣∣
q

p

∣∣∣∣∣

)
x

y

Ciuchini et al., PLB 655, 162 (2007)
Kagan and Sokoloff, PRD80, 076008 (2009)
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Fit Results II: no sub-leading phases

Fit 2c: 
fit for x12, y12, f12:
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General case: dispersive and absorptive CPV 

Kagan and Silvestrini, PRD 103, 053008 (2021): 

In the general case, there could be sub-leading amplitudes that give arg(G12)≠ 0. In this case we must 
add an additional phase f2

G:

x =

[
x2
12 − y2

12 +
√

(x2
12 + y2

12)
2 − 4x2

12y
2
12 sin

2(φM
2 − φΓ

2)

]1/2

y =

[
y2
12 − x2

12 +
√

(x2
12 + y2

12)
2 − 4x2

12y
2
12 sin

2(φM
2 − φΓ

2)

]1/2

∣∣∣∣
q

p

∣∣∣∣
4

=
x2
12 + y2

12 + 2x12y12 sin(φ
M
2 − φΓ

2)

x2
12 + y2

12 − 2x12y12 sin(φ
M
2 − φΓ

2)

tan 2φ = −
x2
12 sin 2φM

2 + y2
12 sin 2φΓ

2

x2
12 cos 2φ

M
2 + y2

12 cos 2φ
Γ
2

• 2 types of indirect CPV: that due to a dispersive phase, that due to an absorptive phase
(traditional way: CPV in mixing, CPV in interference between a mixed an unmixed amplitude)

• The subscript “2”  refers to the phase reference: the phase of the DU = 2 component of the 
<D0|M(G)|D0bar> amplitude

• Still fitting for 4 fundamental parameters: (x, y, |q/p|, f ) ®  (x12 , y12 , f2
M, f2

G ) 

• The fitter discriminates between f2
M and f2

G because CPV in CP-eigenstate final states depend only 
on f2

M (due to there being no strong phase difference)
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Fit for dispersive and absorptive CPV 

Fit 4: 
fit for x12, y12, f M, f G :

Kagan and Silvestrini, PRD 103, 053008 (2021) 

[essentially the same 
as for super-weak fit]
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x12 = (0.407 ± 0.047)%

y12 = (0.675 ± 0.026)%

φM
2 = (0.31 ± 0.93)◦

φΓ
2 = (1.95 ± 1.45)◦
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Observables: ACP      [D0® K+K-/ p+p- ]

First 
obser-
vation
of dCPV: 
PRL 122, 
211803 
(2019)

ACP ≡
Γ(D0(t)→f)− Γ(D 0(t)→f)

Γ(D0(t)→f) + Γ(D 0(t)→f)

≈ af
direct − AΓ

〈t〉
τD

ACP (K
+K−) ≈ −ACP (π

+π−)

⇒ ∆ACP ≡ ACP (K
+K−) − ACP (π

+π−) ≈ 2adir
CP

U-spin (d« s) symmetry: [Grossman, Kagan, Nir, PRD 75, 036008 (2007)]
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Summary

• D0’s definitely mix
• there is direct CPV in singly Cabibbo-suppressed decays D0® K+ K-, D0® p+ p-
• there is no evidence for indirect CPV: (|q/p|, f) consistent with (1,0) at 1.6s level. This slight disagreement 

is in f2
G , the absorptive phase. Phase difference f12 is consistent with 0.

Parameter No direct CPV CPV -allowed 95% CL Interval

in DCS decays

x (%)

y (%)

δKπ (◦)

RD (%)

AD (%)

|q/p|
φ (◦)

δKππ (◦)

Aπ(%)

AK(%)

x12 (%)

y12 (%)

φ12(
◦)

φM
2 (◦)

φΓ
2 (

◦)

−
−
−
−
−
−
−
−
−
−

0.407 ± 0.047

0.675 ± 0.025

0.60 ± 0.91

0.31 ± 0.93

1.95 ± 1.45

0.406 ± 0.048

0.679 ± 0.026

15.9 ± 3.6

0.344 ± 0.002

−0.78 ± 0.35

0.994 ± 0.015

−2.4 ± 1.1

26.3 ± 21.8

0.043 ± 0.137

−0.116 ± 0.137

[0.312, 0.499]

[0.629, 0.730]

[8.26, 22.8]

[0.341, 0.348]

[−1.47, −0.08]

[0.97, 1.02]

[−4.54, −0.21]

[−18.1, 66.9]

[−0.23, 0.31]

[−0.38, 0.15]

[0.313, 0.500]

[0.624, 0.726]

[−1.20, 2.46]

[−1.59, 2.19]

[−0.87, 4.84]


