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Current status
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Recent history:

• White paper 2020
& BNL g-2 2006:

• BMW 2020:  shift SM value up 
by                          , i.e., 

• FNAL 2021 (6% of data!)
& White paper:

• BNL and FNAL consistent
⟹ can average:  

• Work for theorists:
Reconcile WP and BMW 2020! 
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Introduction Framework Challenges Window Conclusions

Overview
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2.1σ higher than R-ratio value [WP’20]

Consistent with experiment within 1.5σ

30th Jul 2021 B. C. Tóth Muon g-2: BMW calculation of HVP 2

B. Toth, Lattice 2021
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White paper (g-2 Theory Initiative):

Community effort of theorists 
(with help from experimentalists!)

Base “SM world average” for muon g-2
on existing SM calculations 
with reliable error

Appeared in June 2020
too early to review and include BMW 2020

Before announcement of new FNAL result
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White paper Table 1   &   BMW’20:     contributions to SM value of   

Lattice HVP

BMW’20:               HVP LO (lattice, udsc)  =                                    ,            higher than HVP LO (e+e-)  
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aµ = (g � 2)/2

data based

Contribution Section Equation Value ⇥1011 References

Experiment (E821) Eq. (8.13) 116 592 089(63) Ref. [1]

HVP LO (e+e�) Sec. 2.3.7 Eq. (2.33) 6931(40) Refs. [2–7]
HVP NLO (e+e�) Sec. 2.3.8 Eq. (2.34) �98.3(7) Ref. [7]
HVP NNLO (e+e�) Sec. 2.3.8 Eq. (2.35) 12.4(1) Ref. [8]
HVP LO (lattice, udsc) Sec. 3.5.1 Eq. (3.49) 7116(184) Refs. [9–17]
HLbL (phenomenology) Sec. 4.9.4 Eq. (4.92) 92(19) Refs. [18–30]
HLbL NLO (phenomenology) Sec. 4.8 Eq. (4.91) 2(1) Ref. [31]
HLbL (lattice, uds) Sec. 5.7 Eq. (5.49) 79(35) Ref. [32]
HLbL (phenomenology + lattice) Sec. 8 Eq. (8.10) 90(17) Refs. [18–30, 32]

QED Sec. 6.5 Eq. (6.30) 116 584 718.931(104) Refs. [33, 34]
Electroweak Sec. 7.4 Eq. (7.16) 153.6(1.0) Refs. [35, 36]
HVP (e+e�, LO + NLO + NNLO) Sec. 8 Eq. (8.5) 6845(40) Refs. [2–8]
HLbL (phenomenology + lattice + NLO) Sec. 8 Eq. (8.11) 92(18) Refs. [18–32]
Total SM Value Sec. 8 Eq. (8.12) 116 591 810(43) Refs. [2–8, 18–24, 31–36]
Di↵erence: �aµ := aexp

µ � aSM
µ Sec. 8 Eq. (8.14) 279(76)

Table 1: Summary of the contributions to aSM
µ . After the experimental number from E821, the first block gives the main results for the hadronic

contributions from Secs. 2 to 5 as well as the combined result for HLbL scattering from phenomenology and lattice QCD constructed in Sec. 8. The
second block summarizes the quantities entering our recommended SM value, in particular, the total HVP contribution, evaluated from e+e� data,
and the total HLbL number. The construction of the total HVP and HLbL contributions takes into account correlations among the terms at di↵erent
orders, and the final rounding includes subleading digits at intermediate stages. The HVP evaluation is mainly based on the experimental Refs. [37–
89]. In addition, the HLbL evaluation uses experimental input from Refs. [90–109]. The lattice QCD calculation of the HLbL contribution builds on
crucial methodological advances from Refs. [110–116]. Finally, the QED value uses the fine-structure constant obtained from atom-interferometry
measurements of the Cs atom [117].

0. Executive Summary

The current tension between the experimental and the theoretical value of the muon magnetic anomaly, aµ ⌘
(g � 2)µ/2, has generated significant interest in the particle physics community because it might arise from e↵ects
of as yet undiscovered particles contributing through virtual loops. The final result from the Brookhaven National
Laboratory (BNL) experiment E821, published in 2004, has a precision of 0.54 ppm. At that time, the Standard
Model (SM) theoretical value of aµ that employed the conventional e+e� dispersion relation to determine hadronic
vacuum polarization (HVP), had an uncertainty of 0.7 ppm, and aexp

µ di↵ered from aSM
µ by 2.7�. An independent

evaluation of HVP using hadronic ⌧ decays, also at 0.7 ppm precision, led to a 1.4� discrepancy. The situation was
interesting, but by no means convincing. Any enthusiasm for a new-physics interpretation was further tempered when
one considered the variety of hadronic models used to evaluate higher-order hadronic light-by-light (HLbL) diagrams,
the uncertainties of which were di�cult to assess. A comprehensive experimental e↵ort to produce dedicated, precise,
and extensive measurements of e+e� cross sections, coupled with the development of sophisticated data combination
methods, led to improved SM evaluations that determine a di↵erence between aexp

µ and aSM
µ of ⇡ 3–4�, albeit with

concerns over the reliability of the model-dependent HLbL estimates. On the theoretical side, there was a lot of activity
to develop new model-independent approaches, including dispersive methods for HLbL and lattice-QCD methods for
both HVP and HLbL. While not mature enough to inform the SM predictions until very recently, they held promise
for significant improvements to the reliability and precision of the SM estimates.

This more tantalizing discrepancy is not at the discovery threshold. Accordingly, two major initiatives are aimed
at resolving whether new physics is being revealed in the precision evaluation of the muon’s magnetic moment. The
first is to improve the experimental measurement of aexp

µ by a factor of 4. The Fermilab Muon g � 2 collaboration is
actively taking and analyzing data using proven, but modernized, techniques that largely adopt key features of magic-
momenta storage ring e↵orts at CERN and BNL. An alternative and novel approach is being designed for J-PARC. It
will feature an ultra-cold, low-momentum muon beam injected into a compact and highly uniform magnet. The goal
of the second e↵ort is to improve the theoretical SM evaluation to a level commensurate with the experimental goals.
To this end, a group was formed—the Muon g�2 Theory Initiative—to holistically evaluate all aspects of the SM and
to recommend a single value against which new experimental results should be compared. This White Paper (WP) is

7

HLbL

<latexit sha1_base64="Pp6Jmr1K2lKFpSJjubeG3Ylj+Mg=">AAAB8HicdVDLSsNAFJ3UV62vqks3g0VwFZIY2rqy4MZlBVsrbSiT6aQdOjMJMxOhhH6FGxVF3PoH/oY7/8ZJq6CiBy4czrmXe+8JE0aVdpx3q7CwuLS8Ulwtra1vbG6Vt3faKk4lJi0cs1h2QqQIo4K0NNWMdBJJEA8ZuQzHp7l/eU2korG40JOEBBwNBY0oRtpIV57t9hQdctQvVxz7uF71/Cp0bMepuZ6bE6/mH/nQNUqOysnrXY77Zr/81hvEOOVEaMyQUl3XSXSQIakpZmRa6qWKJAiP0ZB0DRWIExVks4On8MAoAxjF0pTQcKZ+n8gQV2rCQ9PJkR6p314u/uV1Ux3Vg4yKJNVE4PmiKGVQxzD/Hg6oJFiziSEIS2puhXiEJMLaZFQyIXx9Cv8nbRNa1fbPnUrDB3MUwR7YB4fABTXQAGegCVoAAw5uwAN4tKR1az1Zz/PWgvU5swt+wHr5AGprlJo=</latexit>

2.1�
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models – no reliable error

too recent for WP    Mainz 2021

lattice    RBC/UKQCD 2020

systematic dispersive approach
(Colangelo, Hoferichter, Procura, Stoffer
and many many others)
conservative error treatment
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Combine Mainz21 and WP20:

HLbL (phenomenology+lattice) =

(my estimate)

negligible impact on discrepancy

Detailed comparisons between
lattice and data-driven (e.g. 𝜋0-pole);
very recent: charm contribution
from lattice (Mainz 2022)

IN VERY GOOD SHAPE,
continuing progress!
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aHVP

µ =
↵2m2

µ

9⇡2

Z 1

M2
⇡

K̂(s)

s2
R(s)ds , R(s) =

�0(e+e� ! hadrons(�))

4⇡↵2/(3s)

DHMZ 2019                                                                              KNT 2018/9

FIG. 5. The upper diagrams from left to right show the leading-order (LO) quark-connected, LO
quark-disconnected, LO QED corrections, and an example of next-to-leading order (in ↵) HVP
diagrams. The lower diagrams show the leading quark-connected (left) and quark-disconnected
(right) contributions to the HLbL contribution. Subleading diagrams with up to four quark loops
in light-by-light scattering are not shown.

QED contribution calculated in Ref. [147]. Although the experimental uncertainty on ae

is presently much larger than the theory error, a reduction of uncertainties on a
EXP

e and ↵

by an order of magnitude may be feasible in the next few years [146]. Therefore, strategies
must be devised and methods developed to reduce the theoretical error on a

SM

e on this time
scale. We outline how the lattice-QCD community can contribute to this goal in Sec. III B 3.

1. Hadronic vacuum polarization

The HVP contribution arises from the magnetic parts of the upper diagrams shown in
Fig. 5. The HVP can be computed directly in lattice QCD or using a dispersion relation from
the total cross section of e

+
e
�

! hadrons (R ratio) or ⌧ decays into hadrons and a neutrino.
Lattice gauge theory here requires the inclusion of QED to achieve high precision but, as
usual, is systematically improvable. The dispersive method requires control of perturbative
QCD and an e↵ective description of radiative corrections, which is typically performed in
scalar QED. In the case of ⌧ decays, additional isospin-breaking corrections are needed. In
principle both methods can be improved beyond their current precision. At the moment, the
R-ratio method has the smallest uncertainty; however, in the presence of conflicting BaBar
and KLOE data sets [8, 9] the common choice of inflating local uncertainties in R(s) using
the PDG �

2 prescription is not unique. In order to reduce the dependence on this choice,
a combined lattice and R-ratio analysis which removes parts of the conflicting data sets, as
suggested in Ref. [10], is valuable. Such a combined analysis can now be performed with an
uncertainty of 2.7 ⇥ 10�10, which yields a result consistent with the currently most precise
pure R-ratio result of Ref. [9].

So far the lattice community has computed connected [10, 154–160], disconnected [10, 157,
161], and isospin breaking [10, 162, 163] contributions to the leading-order HVP. In addition,
a dedicated calculation of the next-to-leading order HVP has recently been published in
Ref. [164]. Figure 5 shows a diagrammatic classification of these contributions. In Fig. 6,
we list these recent results which currently approach a total uncertainty of approximately
15 ⇥ 10�10. USQCD members have played a pioneering role in many of these contributions,
such as the first calculation of strong isospin-breaking e↵ects at physical pion mass [162],
the first calculation of QED corrections at physical pion mass [10], as well as the first
calculation of a combined lattice and R-ratio calculation at physical pion mass in lattice
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Fig. 8. The total hadronic e+e≠ annihilation rate R as a function of centre-of-mass energy. Inclusive measurements from
BES [49] and KEDR [50, 51] are shown as data points, while the sum of exclusive channels from this analysis is given by
the narrow blue bands. Also shown for the purpose of illustration is the prediction from massless perturbative QCD (solid
red line).

where the uncertainties account for lowest and higher
order hadronic, and other contributions, respectively.
The result (7) deviates from the experimental value,
aexp

µ = 11 659 209.1 ± 5.4 ± 3.3 [55, 59], by 26.0 ± 7.9
(3.3‡).

A compilation of recent SM predictions for aµ com-
pared with the experimental result is given in Fig. 9.

Running electromagnetic coupling at m2
Z

The sum of all quark-flavour terms from Table 2 gives
for the hadronic contribution to the running of –(m2

Z)

∆–had(m2

Z) = (275.3 ± 1.0) · 10≠4 , (8)

the uncertainty of which is dominated by data sys-
tematic e�ects (0.7 · 10≠4) and the uncertainty in the
QCD prediction (0.6 ·10≠4). The use of the same inputs
with di�erent integration kernels in the calculations in-
duces a correlation of +44% between the ahad,LO

µ and
∆–had(m2

Z) uncertainties. The result without the new
BABAR/KLOE systematic uncertainty is 275.2 ± 0.9.

Adding to (8) the four-loop leptonic contribution,
∆–lep(m2

Z) = (314.979 ± 0.002) · 10≠4 [61], one finds

–≠1(m2

Z) = 128.947 ± 0.013 . (9)

The current uncertainty on –(m2

Z) is sub-dominant in
the SM prediction of the W -boson mass (the dominant

uncertainties are due to the top mass and of theoret-
ical origin), but dominates the prediction of sin2 ◊¸

e�
,

which, however, is about twice more accurate than the
combination of all present measurements [47].

5 Conclusions and perspectives

Using newest available e+e≠
æ hadrons cross-section

data we have reevaluated the lowest-order hadronic vac-
uum polarisation contribution to the Standard Model
prediction of the anomalous magnetic moment of the
muon, and the hadronic contribution to the running
electromagnetic coupling strength at the Z-boson mass.
For the former quantity we find ahad,LO

µ = (694.0±4.0)·

10≠10. In spite of new data and the use of a more precise
fit to evaluate the threshold region up to 0.6 GeV, the
uncertainty on this contribution has increased to 0.6%
since our last evaluation [1], due to the addition of a new
systematic uncertainty to account for a global discrep-
ancy between fi+fi≠ data from BABAR and KLOE.
Resolving this discrepancy would allow to reduce the
ahad,LO

µ uncertainty by 20%.15

The discrepancy between measurement and com-
plete Standard Model prediction remains at a non-
conclusive 3.3‡ level. The new Fermilab g ≠ 2 exper-
iment currently in operation [62] aims at up to four
15 The contribution of the fi+fi≠ channel to the total

ahad,LO

µ uncertainty-squared is 71%.

(a) Fractional contributions to ahad,LOVP
µ (b) Fractional contributions to �↵(5)

had
(M2

Z)

Figure 3: Pie charts showing the fractional contributions to the total mean value and (error)2 of both ahad,LOVP
µ and

�↵(5)

had
(M2

Z) from various energy intervals.
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Figure 4: Contributions to the total hadronic R ratio from the di↵erent final states (left panel) and their uncertainties
(right panel) below 1.937 GeV. The full R ratio and its uncertainty is shown in light blue in each plot, respectively.
Each final state is included as a new layer on top in decreasing order of the size of its contribution to ahad,LOVP

µ .

respectively. In all cases, these channels include new data sets which, coupled with the new data combination routine,

have improved the estimates of ahad,LOVP
µ and �↵(5)

had
(M2

Z) from these final states. In particular, a new measurement

of the ⇡+⇡�⇡0⇡0 channel by BaBar [15] has provided the only new data in this channel since 2003. The uncertainty

contribution from ⇡+⇡�⇡0⇡0 is, however, still relatively large in comparison with its contribution to ahad,LOVP
µ and

requires better new data. Notably, the K+K� channel now includes a precise and finely binned measurement by the

BaBar collaboration, supplemented with full statistical and systematic covariance matrices [16], being the first and

only example to date of the release of energy dependent, correlated uncertainties outside of the ⇡+⇡� channel. The

neutral final state K0

SK
0

L⇡
0 has been measured by SND [17] and BaBar [19], completing all modes that contribute

to the KK⇡ final state. Plot (g) of Figure 2 demonstrates good agreement between the previously used isospin

estimate [18] and the data-based approach in this analysis. In addition, BaBar have also completed all modes that

contribute to the KK⇡⇡ channel [19]. Examining plot (h) of Figure 2, it is evident that the isospin relations provided

a poor estimate of this final state. The inclusive hadronic R-ratio now includes precise measurements by the KEDR

collaboration [20]. The fit of the inclusive data in the range 1.937 
p
s  3.80 GeV is shown in plot (i) of Figure 2,

which demonstrates that the inclusive data combination is much improved. With the new KEDR data, the di↵erences

between the inclusive data and pQCD are not as large as previously and, hence, the contributions in the entire inclusive

data region are now estimated using the inclusive data alone.

3.1 Total contribution of ahad,LOVP
µ and �↵(5)

had

From the sum of all hadronic contributions, the estimate for ahad,LOVP
µ from this analysis is [6]

ahad,LOVP

µ = (693.27± 1.19stat ± 2.01sys ± 0.22vp ± 0.71fsr)⇥ 10�10 = (693.27± 2.46tot)⇥ 10�10 , (2)
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White paper:  combine DHMZ’19 and KNT’19 (add’l input from CHHKS for 𝜋+𝜋- and 𝜋+𝜋-𝜋0 (78% of total))

• BaBar-KLOE discrepancy:   taken into account in the WP systematic error (dominant component)

• New data in inclusive region from BES III – tension with QCD pert. theory?   Unlikely to affect

• No 𝜏-based data used:  insufficient control of isospin breaking – Lattice can help! (Bruno et al. 2018)

• Potential reduction of error by factor 2 based on (see g-2 TI Snowmass arXiv:2203.15810)
analysis of full BaBar data set, new data from SND, CMD, BESIII, Belle II
It remains to be seen whether new data will resolve 2𝜋 BaBar-KLOE discrepancy → role for lattice?
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Very nice result!   Thanks to DHMZ, KNT & g-2 Theory Initiative
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Breakdown into contributions based on quark-picture basis:

• Light quark (u, d) connected part (about 90% of total)                                           FOCUS OF THIS TALK

• Strange and charm contributions (bottom & high-energy perturbative very small)

• Quark-disconnected part: small (~2%) but not negligible – and  expensive!

• Order-𝛼3 QED contributions  (data-driven “leading-order (LO)” includes final-state radiation!)

plus many other diagrams
• Strong isospin breaking effects

9

FIG. 5. The upper diagrams from left to right show the leading-order (LO) quark-connected, LO
quark-disconnected, LO QED corrections, and an example of next-to-leading order (in ↵) HVP
diagrams. The lower diagrams show the leading quark-connected (left) and quark-disconnected
(right) contributions to the HLbL contribution. Subleading diagrams with up to four quark loops
in light-by-light scattering are not shown.

QED contribution calculated in Ref. [147]. Although the experimental uncertainty on ae

is presently much larger than the theory error, a reduction of uncertainties on a
EXP

e and ↵

by an order of magnitude may be feasible in the next few years [146]. Therefore, strategies
must be devised and methods developed to reduce the theoretical error on a

SM

e on this time
scale. We outline how the lattice-QCD community can contribute to this goal in Sec. III B 3.

1. Hadronic vacuum polarization

The HVP contribution arises from the magnetic parts of the upper diagrams shown in
Fig. 5. The HVP can be computed directly in lattice QCD or using a dispersion relation from
the total cross section of e

+
e
�

! hadrons (R ratio) or ⌧ decays into hadrons and a neutrino.
Lattice gauge theory here requires the inclusion of QED to achieve high precision but, as
usual, is systematically improvable. The dispersive method requires control of perturbative
QCD and an e↵ective description of radiative corrections, which is typically performed in
scalar QED. In the case of ⌧ decays, additional isospin-breaking corrections are needed. In
principle both methods can be improved beyond their current precision. At the moment, the
R-ratio method has the smallest uncertainty; however, in the presence of conflicting BaBar
and KLOE data sets [8, 9] the common choice of inflating local uncertainties in R(s) using
the PDG �

2 prescription is not unique. In order to reduce the dependence on this choice,
a combined lattice and R-ratio analysis which removes parts of the conflicting data sets, as
suggested in Ref. [10], is valuable. Such a combined analysis can now be performed with an
uncertainty of 2.7 ⇥ 10�10, which yields a result consistent with the currently most precise
pure R-ratio result of Ref. [9].

So far the lattice community has computed connected [10, 154–160], disconnected [10, 157,
161], and isospin breaking [10, 162, 163] contributions to the leading-order HVP. In addition,
a dedicated calculation of the next-to-leading order HVP has recently been published in
Ref. [164]. Figure 5 shows a diagrammatic classification of these contributions. In Fig. 6,
we list these recent results which currently approach a total uncertainty of approximately
15 ⇥ 10�10. USQCD members have played a pioneering role in many of these contributions,
such as the first calculation of strong isospin-breaking e↵ects at physical pion mass [162],
the first calculation of QED corrections at physical pion mass [10], as well as the first
calculation of a combined lattice and R-ratio calculation at physical pion mass in lattice
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Needs further study, improvement 
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Lattice HVP: Isospin corrections 
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• Some tensions between lattice results for 
individual contributions. 
  

• Large cancellations between individual 
contributions: 

 

• Ongoing efforts presented by Mainz and 
Fermilab-HPQCD-MILC. 

δaIB
μ ≲ 1 %
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• Compute

known weight                                                                                                  Bernecker&Meyer 2011

Need sub-percent precision:  this means good control over systematic errors!

• Large-time behavior:             becomes very noisy at large    -- need to control this
bounding method (RBC/ ‘18, ABGP ‘19, BMW ‘20);  dedicated reconstruction of tail (FHM, RBC/, Mainz, …)

• Finite volume effects:   a typical volume                             leads to 3-4% FV effects 

most collaborations use NNLO chiral perturbation theory or physical models 
• Scale setting:  ratio of hadronic scale to muon mass;  1% error in     ⟹ 1.8% error in             (Mainz 2017)

• Continuum limit:   this talk  (for many other aspects, see A. El-Khadra’s talk at Lattice 2021)
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Light-quark connected part
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Blue:   staggered fermions
flavor symmetry broken

Black:  flavor-symmetric fermions
Red:    my estimate correcting full

data-driven result subtracting:
strange+disc.  (Boito et al. 2022)
charm              (white paper)
QED+SIB          (BMW 2020/

James et al. 2021)

Note discrepancy between BMW and
data-driven!   (18 x 10-10)

Otherwise errors typically large
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An intermediate, more precise quantity:   the “window”

Introduce the “window” quantity

(RBC/UKQCD 2018)

• advantages:

- cuts out short distance (lattice spacing artifacts)
- cuts out long distance  (large-time tail, finite-volume effects)

- can be computed very precisely on the lattice – lattice computations have to agree!

all lattice collaborations are now computing this quantity
• caveat:  systematic effects much smaller, but not negligible!    

intermediate distance not accessible to ChPT to correct for finite-volume etc. effects 
need to resort to models (at least at present)                                                  (ABGP 2022)
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An intermediate, more precise quantity:   the “window”
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Results for light-quark connected window

• Clear disagreements – good!
Discrepancies of order ½ times total
difference between BMW 20 and 
data-driven

• Staggered (blue) values high
(also overlap (OV) valence quarks
on DWF/HISQ sea quarks)

• Issue with continuum limit?
Focus on staggered, because that’s
where the puzzle is

(“R-ratio Lattice” courtesy of C. Lehner)

170 180 190 200 210
aμW,lqc (t0, t1, Δ) � 1010

R-ratio Lattice

Mainz/CLS 20 (prelim.)
Mainz/CLS 20 fπ-resc. (prelim.)
χQCD 22 OV/DWF
χQCD 22 OV/HISQ
ETMC 21
RBC/UKQCD 18
FHM 20 (prelim., stat only)
BMW 20
LM 20
Aubin et al. 19 - finest latt. spacings
Aubin et al. 19
Aubin et al. 22

(t0, t1, Δ)=(0.4,1.0,0.15) fm



Staggered fermions & taste breaking

• Lattice fermions with exact chiral symmetry have “species doublers”                             
(Karsten&Smit, Nielsen&Ninomiya, 1981):  “naïve fermions” have 16 doublers

• Staggered fermions minimize the number of doublers by “spreading out spin” over the lattice:      
1-component fermion ⟹ 16 components in continuum = (4 spin) x (4 “tastes” = flavors),                         
16 components on corners of hypercube:  hence all symmetries broken like rotational symmetry

• only discrete subgroup of                                                 remains

⇒ 16 charged pions made of 4 up and 4 down quarks split into 8 non-degenerate multiplets;                 

only one exact Nambu—Goldstone (NG) pion (one exact chiral symmetry)
• Even if the NG pion is physical, the other 15 pions are heavier;                                                      

lattice spacing artifact: disappears in the continuum limit
• To reduce number of quarks on loops:  take 4th root of determinant – another talk!

14
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Taste splittings (on “HISQ” staggered ensembles – courtesy MILC collaboration)
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ABGP 2022

Taste splittings as a function of        for
Heaviest pion has mass of (lightest pion physical)

• Serious lattice artifact, quite non-linear in        -- makes continuum extrapolation difficult!         Can 
correct for taste splittings using NNLO ChPT, if they are small enough:  ChPT predicts 

behavior at leading order – not seen in these fits (which are                )!
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Window with staggered fermions – continuum limit
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Taste-breaking effect as a 
function of        (BMW 2020)
computed with “SRHO” model
(NLO ChPT plus          )

Superimposed arrows:
Same for ABGP 2022

Ø Very similar taste-breaking
effects, despite different
lattice actions!   

Ø Continuum extrapolation
very non-linear (in      ) 
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Figure 4: Continuum extrapolation of the isospin-symmetric, light, connected component of the window
observable aµ,win, denoted by [alight

µ,win]iso. The data points are extrapolated to the infinite-volume limit.
Errorbars are s.e.m. Two di↵erent ways to perform the continuum extrapolations are shown: one without
improvement, and another with corrections from a model involving the ⇢-meson (SRHO). In both cases
the lines show linear, quadratic and cubic fits in a2 with varying number of lattice spacings in the fit.
The continuum extrapolated result is shown with the results from other lattice groups, RBC’18 [19] and
Aubin’19 [20]. Also plotted is our R-ratio-based determination, obtained using the experimental data
compiled by the authors of [4] and our lattice results for the non light connected contributions. This
plot is convenient for comparing di↵erent lattice results with each other. Regarding the total aµ,win, for
which we also have to include the contributions of other-than-light flavors and isospin-breaking e↵ects, we
obtain 236.7[1.4] on the lattice and 229.7[1.3] from the R-ratio, the latter is 3.7� or 3.1% smaller than
the lattice result.
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Window with staggered fermions – continuum limit
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Taste Breaking effect as a 
function of        (ABGP 2022)

Blue:      NNLO ChPT
Purple:  NLO ChPT
Red:       SRHO model 
Lower:   TB-uncorrected
Upper:   TB-corrected
Green:   R-ratio based
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Ø NNLO ChPT no good (no surprise!) but hard to tell whether NLO ChPT or SRHO model is better 
model, based on fits (see backup slide)  
Note taste-breaking effects are not the only lattice-spacing artifact!                    
All extrapolations should agree in the continuum limit

Ø Need data at smaller lattice spacing to see linear behavior in     
(HISQ ensembles with                                  available – will be used, but big project!) 
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Window -- taste breaking is not the only lattice artifact!

18

Comparison of DWF window (RBC 18) with                                 FNAL-MILC-HPQCD window 
NLO-ChPT-corrected staggered                                                       same latt. spacings as ABGP but local currents
RBC/UKQCD will have 3rd (smaller) lattice spacing soon            Are the 3 lowest      points in the linear regime?

Hadronic vacuum polarization of the muon on 2+1+1-flavor HISQ ensembles: an update Shaun Lahert

Figure 2: 0;;`,W vs lattice spacing (02) on four ensembles. Two correction schemes, finite volume + <c (red),
finite volume + <c + taste breaking (blue). Solid bands (dotted lines) are linear (quadratic) extrapolations in
02.

coarsest ensemble, and extrapolations including an 04 term. We observe, without correcting for
taste-breaking, our data already have small discretization e�ects. Correcting for taste-breaking
reduces the 04 dependence while introducing a more prominent 02 dependence. We find reasonable
agreement in all continuum extrapolations with good fit quality (j2

/d.o.f ⇠ 1), especially for the
linear fits. We plan to include further variations on these fit functions.

⇡ a[fm] <c FV
0.15 �0.01 % 0.57 %
0.12 �0.004 % 0.26 %
0.09 �0.305 % 0.35 %
0.06 �0.001 % 0.42 %

Table 2: Lattice corrections added to 0;;`,W using the leading order term in the chiral model of [14, 15]

2.2 Two-pion contribution

As mentioned, a significant challenge in lattice determinations of 0;;` is the statistical noise in
the tail of the light-quark, connected component. This can be traced to the fact that the variance
of the light-quark component of the vector current, two-point function Eq. (9) falls o� with an
exponent of <c [17] while the signal falls of with lowest energy two-pion state, ⇠ 2<c . Hence, the
noise overwhelms the two-pion contribution in the large-time region, Fig. 3 (orange points).

⇠�; (C) =
1
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’
ÆG,:

⌦
�:; (ÆG, C)�

:
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↵
=
’
=

h0|�; |=i4�⇢=C . (9)

5

3rd lattice spacing: projected error

courtesy T. Blum 
S. Lahert @ Lattice 2021y-axis arbitrary units!
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the lattice QCD results.
Two of the most recent results from phenomenologi-

cal determinations of the moments [64, 70] are also com-
pared in Fig. 27. The results from [70] include exper-
imental datasets for the inclusive cross-section that are
both older and newer than those used in [64]. Results
from [70]’s ‘standard’ selection of datasets were given in
Table XIII and are shown in Fig. 27 in red. We also
show, in orange, the results from the ‘maximal’ set (all
experimental information available at that point) and the
‘minimal’ set (datasets that are needed to cover the full
p

s range from 2 GeV to 10.5 GeV without gaps, keeping
the most accurate results). Note that the resonance pa-
rameters are the same for all selections. We see that the
variation with dataset selection covers almost 1� for the
4th moment, but much less for the 6th moment. This is
also reflected in the di↵erences between [70] and [64].

These phenomenological analyses must subtract the
‘non-charm’ background from experimental results for
R(e+e�

! hadrons) to leave Rc for Eq. (35). Rc is
defined to be the result from diagrams with a charm
quark loop connected to a photon at both ends [64]
i.e. the quark-line connected vector current-current cor-
relator that we study on the lattice. The subtracted
background includes QED e↵ects for the non-charm and
singlet (quark-line disconnected) contributions. The re-
mainder, Rc then includes the QED e↵ects associated
with the cc loop. The dominant source of uncertainty
in Rc comes from the charmonium resonance (J/ and
 0) region and is set by the uncertainty in �ee for these
states. The fractional uncertainty is approximately the
same for all moments [64, 70]. When the (n�2)th root is
taken the fractional uncertainty then falls with increasing
n.

Good agreement is seen between the phenomenological
results and our new lattice results for n = 6, 8 and 10, al-
though the lattice results are systematically at the upper
end of the phenomenological range. The largest discrep-
ancy is a 2.8� tension for the 4th moment between us and
the results of [70] for their minimal selection of datasets.
The tension is 2.4� for the standard selection, and below
2� for the maximal selection and for the results of [64].
The � here is that for the phenomenological results since
the lattice uncertainty is much smaller. Because the 4th
moment dominates the determination of ac

µ, this tension
between lattice QCD+QED and some of the phenomeno-
logical results carries over to ac

µ, to be discussed in the
next section.

The time-moments can also be used to determine a
value for mc by comparing to O(↵3

s) continuum QCD
perturbation theory and this was the focus of [64, 70].
We do not do this here because the scale of ↵s is rather
low in these determinations meaning that uncertainties
from missing higher-order corrections can be substantial.
We prefer instead the method of [27], which enables a
higher scale to be used in the perturbation theory. We
have checked, however that the mc value that would
be obtained from the time-moments is consistent with

TABLE XV. Values of ac
µ on the ensembles of Table I and

the direct quenched QED correction on a subset of those en-
sembles. Those marked with a ⇤ and † are at deliberately
mistuned c masses (see caption to Table III). The uncertain-
ties quoted are correlated through the value of MJ/ (for all
ensembles, see text) and ZV (for ensembles at a given �).

Set ac
µ ⇥ 109 R0

QED

⇥
ac

µ

⇤

1 1.23183(78) -
2 1.24522(75) 1.000478(80)
3 1.25431(77) -
3A 1.25518(49) -
3B 1.25485(48) -
4 1.40782(91) -
6 1.41738(91) 1.001080(89)
6⇤ 1.42370(91) -
8 1.42234(91) -
9 1.47866(97) -
10 1.48514(75) 1.001416(83)
11 1.48853(75) -
12 1.4725(13) 1.00141(15)
13 1.4805(13) -
14 1.4610(33) -
14† 1.4702(33) -
15 1.4572(10) -

0.0 0.2 0.4 0.6 0.8
(amc)2

1.2

1.3

1.4

1.5

ac µ

⇥10�9

moments

FIG. 28. Extrapolation to the continuum physical point of the
connected charm HVP contribution to the anomalous mag-
netic moment of the muon. Di↵erent symbols denote results
on groups of ensembles with similar lattice spacing. Results at
deliberately mistuned c quark masses are not plotted but are
included in the fit. The red points correspond to pure QCD,
the light blue points to QCD+QED and the dashed green fit
curve plotted is that for QCD+QED. The continuum result
(red cross) is compared to the result (open black square) ob-
tained by calculating ac

µ from the individually extrapolated
time-moments in Section VIA.

both [27] and the value given in Section IV.

C. ac
µ: Pure QCD and QCD+QED results

To calculate the quark-line connected HVP contribu-
tion to aµ from c quarks, ac

µ, we can either use the physi-

Need smaller lattice spacings for staggered!   Another example:
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HPQCD 2020:   charm contribution to muon magn. moment:   Note bending at smaller lattice spacings!
(may be worse for charm) 

lattice spacings of ABGP, FHM, BMW

{

a = 0.03, 0.04 fm



Conclusions

• Theory Initiative: community effort to produce a SM estimate for       with reliable errors                 
in particular for the hadronic contributions.

• HLbL is already in very good shape, and will continue to be improved.
• HVP: discrepancy between data-driven and BMW-lattice estimates (2.1𝜎).

• For HVP the work by all lattice collaborations (RBC/UKQCD, BMW, ETMC, Mainz, ABGP, χQCD, 
FHM, PACS) is important for understanding the systematics; they will get there!   

HVP:

§ Major systematic error: continuum extrapolation!    Need smaller lattice spacings
§ Window quantities very useful for comparisons with very small statistical errors –

highlight systematics
§ “Standard window”:  0.4-1 fm Warning:   need models to correct finite volume and pion mass –

no EFT method available and these corrections are small but not negligible!

§ Consider longer-distance windows?   (E.g. 1.5-1.9 fm proposed in ABGP 2022)

20

<latexit sha1_base64="2cOyqJZIm4MEkhFKX1Gs9oGWwUE=">AAAB7HicdVDLSgMxFM3UV62vqks3wSK4GjJlpnZZcOOygtMW2qFk0kwbmmSGJCOUod/gxoUibv0gd/6N6UNQ0QMXDufcy733xBln2iD04ZQ2Nre2d8q7lb39g8Oj6vFJR6e5IjQkKU9VL8aaciZpaJjhtJcpikXMaTeeXi/87j1VmqXyzswyGgk8lixhBBsrhXg4EPmwWkMuagS+14TIDZDX9AJL6oGHUB16LlqiBtZoD6vvg1FKckGlIRxr3fdQZqICK8MIp/PKINc0w2SKx7RvqcSC6qhYHjuHF1YZwSRVtqSBS/X7RIGF1jMR206BzUT/9hbiX14/N0kzKpjMckMlWS1Kcg5NChefwxFTlBg+swQTxeytkEywwsTYfCo2hK9P4f+kU3e9huvf+rWWv46jDM7AObgEHrgCLXAD2iAEBDDwAJ7AsyOdR+fFeV21lpz1zCn4AeftExpDjts=</latexit>aµ



BACK-UP SLIDES
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WP

Hadronic Light by Light (HLbL):   the 
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90(17)⇥ 10�11

Table 15 of WP

Contribution PdRV(09) [475] N/JN(09) [476, 596] J(17) [27] Our estimate

⇡0, ⌘, ⌘0-poles 114(13) 99(16) 95.45(12.40) 93.8(4.0)
⇡,K-loops/boxes �19(19) �19(13) �20(5) �16.4(2)

S -wave ⇡⇡ rescattering �7(7) �7(2) �5.98(1.20) �8(1)

subtotal 88(24) 73(21) 69.5(13.4) 69.4(4.1)

scalars � � � �
� 1(3)tensors � � 1.1(1)

axial vectors 15(10) 22(5) 7.55(2.71) 6(6)
u, d, s-loops / short-distance � 21(3) 20(4) 15(10)

c-loop 2.3 � 2.3(2) 3(1)

total 105(26) 116(39) 100.4(28.2) 92(19)

Table 15: Comparison of two frequently used compilations for HLbL in units of 10�11 from 2009 and a recent update with our estimate. Legend:
PdRV = Prades, de Rafael, Vainshtein (“Glasgow consensus”); N/JN = Ny↵eler / Jegerlehner, Ny↵eler; J = Jegerlehner.

We opted for the following procedure, which we consider more sensible. We first add the errors from the inde-
pendent data-driven, dispersive estimates for the pseudoscalar poles, the pion box, and ⇡⇡ rescattering in quadrature,
yielding ±4.1 ⇥ 10�11, then we add the errors for the model-dependent estimates for the sum of scalars and ten-
sors, the axial-vector contribution, and the short-distance contribution linearly, yielding ±19 ⇥ 10�11, and finally we
combine these two errors and the one from the charm quark loop in quadrature. This leads to our final estimate
aHLbL
µ = 92(19) ⇥ 10�11.

4.9.3. Comparison to the Glasgow consensus and other compilations
The intense activity on the HLbL contribution of the last five years based on the dispersive approach has been

reported in this section and summarized above. It is useful to discuss here in some detail what are the reasons behind
the changes in the numbers compared to the estimates used in 2009, even though on the surface they do not seem
to be so large. We will also comment on a few recent estimates. In Table 15 we have collected the frequently used
compilations for HLbL from 2009 by Prades, de Rafael, and Vainshtein (“Glasgow consensus,” PdRV(09)) [475, 717]
and Jegerlehner and Ny↵eler (N/JN(09)) [476, 596], and a recent update of the latter that has appeared in the book by
Jegerlehner (2nd edition, J(17)) [27]. Our estimate is also shown for comparison.

The main di↵erence of the first three estimates by PdRV [475], N/JN [476, 596], and J [27] to our result is
that they are based purely on model calculations, see also Table 13 in Sec. 4.2 for details of the original works
for some of the individual contributions. Some constraints from theory, e.g., from ChPT at low energies or from
short distances in pQCD, and from experiment are taken into account in those models, e.g., on the singly-virtual
pseudoscalar TFFs. But this model dependence makes it very di�cult to estimate the uncertainty in a reliable way.
On the other hand, our estimates for the numerically dominant contributions from the light pseudoscalar poles ⇡0, ⌘, ⌘0

and for a substantial part of the two-pion intermediate state in HLbL (pion-box and S -wave ⇡⇡ rescattering) are
now based on model-independent dispersion relations or Canterbury approximants and the error estimates are largely
driven by the precision of the input data. To emphasize this significant progress we have evaluated the sum of these
contributions and compared the di↵erent evaluations for the corresponding subtotal in the line labeled as “subtotal”
in Table 15.44 While the central values are all quite close to each other (the largest discrepancy is with the Glasgow
consensus, which, however, includes a large part of the short-distance contribution in the pseudoscalar poles) and all
compatible within errors, the largest improvement is in the uncertainty, which has been reduced by a factor 6 to 3.

The lower part of the table contains the remaining contributions, which still su↵er from significant uncertainties,
further separated into the contribution from light quarks as well as the c-loop. For these a comparison among di↵erent

44To make a meaningful comparison, since the largest contribution among the scalars is due to the �/ f0(500), which is treated as a ⇡⇡ rescat-
tering e↵ect here, we have considered the contribution of the scalars of earlier evaluations in the line labeled “S -wave ⇡⇡ rescattering.” This is
indeed justified for the scalar contribution �6.8(2.0)⇥ 10�11 in the ENJL model from Ref. [488], as confirmed in Ref. [690]. The �/ f0(500) is also
responsible for 50–80% of the value �6.0(1.2) ⇥ 10�11 from Ref. [27], depending on the mixing.
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Comparing S(taggered)ChPT and the SRHO model for the window quantity
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From ABGP 2022
“W1” is window quantity
differences between ensembles with different lattice spacings
See BMW 2020 “Extended Data Figure 2” for similar comparison



New lattice results for                                                                        (Mainz 2022)                  
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Figure 12: Left, upper panel: ratio of the hadronic running ∆–had computed by BMWc [ 21 ]
divided by our results, for five di�erent momenta. In addition to the total contribution,
we show the isovector (I = 1), isoscalar (I = 0) and charm quark components.
Left, lower panel: the total hadronic running ∆–(5)

had from various phenomenological
estimates [ 11 ,  31 ,  129 ] and the lattice result of Ref. [ 21 ], normalized by the result of
this work. Right: Compilation of results for the four-flavor ∆–had lattice computations
(above) and the five-flavor ∆–(5)

had phenomenological estimates (below) at selected
values of Q2. The gray vertical error band for the result of this work includes the
small bottom quark contribution as an additional systematic error, see Section  5.1 for
details.

finite-size e�ects determined in that same reference. Ratios between results obtained by BMWc
and our estimates are plotted in the upper left panel in Figure  12 , for the total contribution
as well as for its various components. While there is good agreement for the isoscalar (I = 0)
component, a slight tension at the level of 1–2 standard deviations is observed in the isovector
(I = 1) channel that dominates the total contribution. We note that estimates by BMWc are
smaller by 2–3 % for Q2 . 3 GeV2. For the charm contribution, our results are up to 2 % larger
than BMWc’s, but they are compatible within the errors, which are dominated by scale setting.
The comparison of the absolute values of the two lattice results is depicted in the right panel of
Figure  12 , which shows the slightly smaller error of the BMWc result. We also mention that the
first lattice calculation of the quark-connected HVP contributions to running of – and sin2 ◊W up
to Q2 = 10 GeV2 was published by Burger et al. [ 19 ], who reported a 2–3 % error dominated by
systematic e�ects. However, we do not include this result in our comparison since the disconnected
contribution has not been determined in that reference.

In the lower left panel of Figure  12 we show the ratios of three recent phenomenological
determinations of ∆–(5)

had(≠Q2) and the rational approximation of our result as continuous curves.
Our result lattice results for ∆–had(≠Q2) includes the contributions from u, d, s and c quarks.
In order to account for the contributions from bottom quarks that are needed to complete the
estimate for ∆–(5)

had(≠Q2), we use results by the HPQCD collaboration for the lowest four time
moments of the HVP [ 130 ]. We determine the contribution from bottom quarks by constructing
Padé approximants from the moments, which results in a few-permil e�ect on the total hadronic
running of the coupling (up to 2.6 permil at the largest Q2 = 7 GeV2). This e�ect is larger than
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Finds very high values at 
euclidean momenta!

(Note:  these values of Q2

give very small contribution
to            ) 
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